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 I
   

 

       
 .    -

 ,     
      -

 .    
 ,     -

     
 .

   -

  :    -

      -

.     
    , -

        
 ;     

     -

.      
 .    -

,    -

   .
  ,  -

     . 
 ,     , -

     [1]. -

     -

   . ,   
 i te ω− .
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§1.     
     

     [2]

 ( ) ( ) ( )1 cosnH k nρ ϕ , ( ) ( ) ( )1 sinnH k nρ ϕ ,

 n   , ( )1
nH   , k  -

 , ρ   ϕ    -

 .
  ,    

     . -

,      z  -

.     ( ) ( )1
0H kρ   

0ρ =      
   ( ) . 

       
,    ( ( ) ( )1

0H kρ   
  ,  constρ = ), -

 .
    (1.1) 

   ( . 1). ,   
   2n    ( 1,2,...n = ). 

     -

 :
 { }, , ,cos ,sinn j n j n jρ ϕ ϕ=
� , { }, , ,cos ,sinn j n j n jρ ϕ ϕ∗ ∗ ∗=

� ,

:
 

( ), 1n j j
n

πϕ = − ,
 

,

1

2n j j
n

πϕ∗  = − 
 

,
 

1,..., 2j n= .

  ,   , 
     , 

    ,  
       

(1.1)

(1.2)

(1.3)
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   ( ,  
 (1.2)  ).   

,      ,  
  (  ) -

.       
  .

. 1.
 ( ) ( ) ( )1 cosnH k nρ ϕ  და 

( ) ( ) ( )1 sinnH k nρ ϕ    
,  1,2,3n =

 ,   (1.1)  -

  ( ) ( )1
0H kρ  . , . 1-  -

       
 :

 

( ) ( )
1

1

1 ,

1 2ˆ 1
n n nn

j

n n n
j n j

L
nk ρ

−
+

=

− ∂
= −

∂∑ �
, (1.4)
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,

n

n

n jρ
∂

∂
�

 n     ,n jρ�  -

 .    -

:

, ,
,

cos sin
nn

n j n jn

n j x y
ϕ ϕ

ρ
 ∂ ∂ ∂

= + ∂ ∂ ∂ 
� ,

     , :

( ) ( ), ,
0,

cos sin
n nn

n

n n j n jn n

n j

C
x y

α αα
α α

α

ϕ ϕ
ρ

−

−
=

∂ ∂
=

∂ ∂ ∂∑� .

 :
 

( ) ( ) ( )1

, , ,
1

1 cos sin
n

nj

n n j n j

j

B
α α

α ϕ ϕ
−+

=

= −∑ ,

 ,   (1.4)  -

:

( ) 1

,
0

1 2ˆ
n n nn

n n nn n
L C B

nk x y

α
α α α

α

−

−
=

− ∂
=

∂ ∂∑ .

 (1.4)    ,n jρ ∗�
 

 ,   :
 ( ) ( )

1
1

1 ,

1 2ˆ 1
n n nn

j

n n n
j n j

L
nk ρ

−
+∗

∗
=

− ∂
= −

∂∑ � ,

,  :

( ) 1
* *

,
0

1 2ˆ
n n nn

n n nn n
L C B

nk x y

α
α α α

α

−

−
=

− ∂
=

∂ ∂∑ .

:
 

( ) ( ) ( )1

, , ,
1

1 cos sin
n

nj

n n j n j

j

B
α α

α ϕ ϕ
−+∗ ∗ ∗

=

= −∑ .

(1.5)
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 ,  ,nB α   ,nB α
∗   -

     .  
 ,  n   α    -

,       
   ,n jϕ   ,n jϕ∗

   -

.    , :

( ) ( ), 1 1 1
2n n

n
B αλ α

α
 = − + − 

,
 

( ) ( )*
, 1 1 1

2n n

n
B αλ α

α
 = − − − 

,

  αλ  , :
 

( )1
2 1 1

4
α

αλ α = − + −  .

   α      
 .  α  ,  2αλ α= ,   

α  ,  ( )1 2αλ α= − .  , 2αλ α=    , 
 αλ   2α    .

 , , 0nB α = ,  α    *
, 0nB α = ,  α  

.  , ˆ
nL   ˆ

nL∗   -

     . 
 : 

( ) ( ) 2
2 2

0

1ˆ 1
n

n n

n nn n
L C

k x y

λ
α α

α α
α

−
=

− ∂
= −

∂ ∂∑ ,

( ) ( )
1

1* 2 1
2 1 2 1

1

1ˆ 1
n

n n

n nn n
L C

k x y

λ
α α

α α
α

+ + −
− + −

=

− ∂
= −

∂ ∂∑ .

, n -     :

1

1
L̂

k x

∂
= −

∂
, 

2 2

2 2 2 2

1
L̂

k x y

 ∂ ∂
= − ∂ ∂ 

,
 

3 3

3 3 3 2

1ˆ 3L
k x x y

 ∂ ∂
= − − ∂ ∂ ∂ 

,

4 4 4

4 4 4 2 2 4

1ˆ 6L
k x x y y

 ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ 

, ..., 
1

1
L̂

k y

∗ ∂
= −

∂
, 

2

2 2

2
L̂

k x y

∗ ∂
=

∂ ∂
, 

(1.6)

(1.7)

(1.8)
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3 3

3 3 2 3

1ˆ 3L
k x y y

∗  ∂ ∂
= − − ∂ ∂ ∂ 

,
 4 4

4 4 3 3

4
L̂

k x y x y

∗  ∂ ∂
= − ∂ ∂ ∂ ∂ 

.

    (1.7)  (1.8) -

 ( ) ( )1
0H kρ  .    -

   ,    -

     kρ   
.   ,  1,..., 4n = , 

 :

( )
1

1

ˆ cos

ˆ sin

L d

d kL

ϕ
ϕ ρ∗

   
= −       

,

 

( )
( ) ( ) ( )

2
2

2

2

ˆ cos 2 1
ˆ sin 2

L d d

k d kd kL

ϕ

ρ ρϕ ρ∗

    
= −            

,

( )
( ) ( ) ( ) ( )

3 2
3

3 2

3

ˆ cos 3 3 1
ˆ sin 3

L d d d

k k d kd k d kL

ϕ

ρ ρ ρϕ ρ ρ∗

       = − − −                
,

( )
( ) ( ) ( ) ( ) ( ) ( )

4 3 2
4

4 3 2 2

4

ˆ cos 4 6 15 1
ˆ sin 4

L d d d d

k k d kd k d k k d kL

ϕ

ρ ρ ρϕ ρ ρ ρ ρ∗

       = − + −                
.

  ,  ,  -

    .
    :

 ( ) ( )
( )

( ) ( ) ( ) ( )
1

1 1
1

n

n n

dH k n
H k H k

d k k

ρ
ρ ρ

ρ ρ += − ,

( . [3]).    :

( ) ( ) ( ) ( )
( )
( )

2 1 1
0 2

2

ˆ cos 2

ˆ sin 2

L
H k H k

L

ϕ
ρ ρ

ϕ∗

   
=        

( ) ( ) ( ) ( )1 1 1
0 1

1

ˆ cos

ˆ sin

L
H k H k

L

ϕ
ρ ρ

ϕ∗

   
=       

, ,

 ( ) ( ) ( ) ( )
( )
( )

3 1 1
0 3

3

ˆ cos 3

ˆ sin 3

L
H k H k

L

ϕ
ρ ρ

ϕ∗

   
=        

( ) ( ) ( ) ( )
( )
( )

4 1 1
0 4

4

ˆ cos 4

ˆ sin 4

L
H k H k

L

ϕ
ρ ρ

ϕ∗

   
=        

, ,

,   :

(1.9)
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( ) ( ) ( ) ( )

( )
( )

1 1
0

ˆ cos

ˆ sin
n

n

n

nL
H k H k

nL

ϕ
ρ ρ

ϕ∗

   
=        

.

 (1.10)   , :
 ( ) ( )

( ) ( ) ( ) ( ) ( )
11

1 10

1 ,

1 2
1 cos

n n nn
j

nn n
j n j

H k
H k n

nk

ρ
ρ ϕ

ρ

−
+

=

− ∂
− =

∂∑ � ,

 
( ) ( )

( ) ( ) ( ) ( ) ( )
11

1 10

1 ,

1 2
1 sin

n n nn
j

nn n
j n j

H k
H k n

nk

ρ
ρ ϕ

ρ

−
+

∗
=

− ∂
− =

∂∑ � ,

 (1.1)    :
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1cos sin in

n n nH k n iH k n H k e ϕρ ϕ ρ ϕ ρ ±± = ,

   :

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
1 11

1 10 0

1 , ,

1 2
1

n n n nn
j in

nn n n
j n j n j

H k H k
i H k e

nk

ϕρ ρ
ρ

ρ ρ

−
+ ±

∗
=

 − ∂ ∂
− ± = 

∂ ∂  
∑ � � (1.13).

 (1.11)  (1.12)  (1.1)  -

  ( ) ( )1
0H kρ   .

§2.    

 (1.11)  (1.12)    -

   .  -

   ,  ,  
 ,     [4]. -

   :

( )
( ) ( )

1
1 1

0 0 ,
1 00

2
1

2

n n n
m n j m

n n jn
j m

n
C H k m

n k
ρ ρ ρ

ρ

−
+ + +

= =

  − − − ≈  
  

∑∑ � �

 
( ) ( ) ( )1 cosnH k nρ ϕ≈ ,

( )
( ) ( )

1
1 1

0 0 ,
1 00

2
1

2

n n n
m n j m

n n jn
j m

n
C H k m

n k
ρ ρ ρ

ρ

−
+ + + ∗

= =

  − − − ≈  
  

∑∑ � �

(1.10)

(1.11)

(1.12)

(1.12*)

(1.14)
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( ) ( ) ( )1 sinnH k nρ ϕ≈ .

 0ρ    ( ρ   ,   
 n - ). ,  ( ) 02nρ ρ> . -

 0kρ    ,    :
 

00 1k nρ< << + ,

      
 :

( ) 0
0

1

! 2

n

n

k
J k

n

ρρ  ≈  
 

,

( . [5]),   (1.14)  (1.15)  -

 :

( ) ( ) ( )1 1
0 0 ,

1 0

1
1

2 ! 2

n n
m n j m

n n j

j m

n
C H k m

n n
ρ ρ ρ+ + +

= =

  − − − ≈  
  

∑∑ � �

 
( ) ( ) ( ) ( )1

0 cosn nJ k H k nρ ρ ϕ≈ ,

( ) ( ) ( )1 1
0 0 ,

1 0

1
1

2 ! 2

n n
m n j m

n n j

j m

n
C H k m

n n
ρ ρ ρ+ + + ∗

= =

  − − − ≈  
  

∑∑ � �

 
( ) ( ) ( ) ( )1

0 sinn nJ k H k nρ ρ ϕ≈ .

    -

 ,  ( )1
0H     -

 ( ), 

( ) ( ) 11
1

2 !
m n j m

nC
n n

+ + +−

 -

0 ,2 n j

n
m ρ ρ − 

 

� ,
 

0 ,2 n j

n
m ρ ρ ∗ − 

 

�
,

(1.15)

(1.16)

(1.17)

(1.18)
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 ,     :

( ) ( ) ( ) ( )1
0 cosn nJ k H k nρ ρ ϕ ,

 
( ) ( ) ( ) ( )1

0 sinn nJ k H k nρ ρ ϕ .

     .
     ( ) 02n ρ , 

 0ρ     , -

  n    .   
  ,  n -    

( )1n n + .  n -  ,   -

  ,    -

   .    
   2 1n + .

)

)

. 2.    , 
   ) ( ) ( ) ( )1 cosnH k nρ ϕ

 
  

) ( ) ( ) ( )1 sinnH k nρ ϕ , 
 

3n =   4n =

. 2    , 
 3n =   4n = .  ,  -

  ,   
.
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§3.    

,   n  ,  
(1.17)  (1.18)   ,  -

 0kρ   kρ  .   -

 ,    (1.17) 
.   ,   -

     -   
.

  M     
 ,  µρ�   -  ( 1,2,...,Mµ = ). 

(1.17)-       -

   ,  ( )I

nL µρ�   
( )nR µρ� .     Reδ , Imδ  -

 ,    -

  :
 

( ) ( )
( )Re

1

Re1

Re

I
M

n n

n

L R

M R

µ µ

µ µ

ρ ρ
δ

ρ=

 − =
  

∑
� �

�
,

 

( ) ( )
( )Im

1

Im1

Im

I
M

n n

n

L R

M R

µ µ

µ µ

ρ ρ
δ

ρ=

 − =
  

∑
� �

�
,

( . [6]). ,     -

 0kρ  ,    -

   ρ    . 
, 0kρ       

 ,    ( ) 02nρ ρ> .  
  (1.16)    . 

    kρ  -

 (  ),    
0kρ -     ρ  .

(1.19)

(1.19*)
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,    -  
 , :

{ }cos ,sinµ µ µρ ρ ϕ ϕ=
� , 2

M
µ

πµϕ = , 1,...,Mµ = .

,  M    ,   
1,...,Mµ = ,    ( )cos 0n µϕ ≠ .  0kρ  

   ,  ( )0 0nJ kρ ≠ .  
, ρ     ,  ( ) 0nJ kρ ≠   

( ) 0nN kρ ≠ ,  
nN   .    -

 ,      
 (1.19)  (1.19*) .

 0kρ    , 
  ,   

00.02 2kρ≤ ≤ ,  8.5kρ =   99M = . . 3  
  n -    -

.

. 3.   0kρ  
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 ,  2n = ,    
. n -    0kρ    

 .  , -

  0 0.2kρ = ,    
  ( 5%< ).

. 4-     kρ  -

,  0 0.2kρ = . kρ    -

 ,    -

 (   ).  Reδ   Imδ  

    ,  
   .  , -

    kρ     
 2%-   .

. 4.   kρ
 

   ,  -

      -

 (1.1) .     2 1n +  

 ( )1n n + ,   n -  - . -

   n -   ,  .
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§4.    

,  (1.1)    -

,      -

.      -

 :
 ( )

( )
( )

2 2
1

,
10

2 1 !ˆ ˆ1
n n

j

n n jn
j

n
M

kρ

−
+

=

−
= − Ι∑ ,

:
 ( )

, 0
0 ,

1ˆ
!

m mn
m

n j m
m n jm

ρ
ρ=

− ∂
Ι =

∂∑ � .

  :
 ( )

( )
( ) ( )

2
1

, ,
10

2 1 !ˆ ˆ ˆ1 1
n n

j n

n n j n n jn
j

n
M

kρ

−
+

+
=

−  = − Ι + − Ι ∑ .

,n jρ�   (1.2)  ,  

, ,n n j n jρ ρ+ = −
� �   :

( )
, ,

1
m m

m

m m

n n j n jρ ρ+

∂ ∂
= −

∂ ∂
� � .

 , (1.21)  :

, 0
0 ,

1ˆ
!

mn
m

n n j m
m n jm

ρ
ρ+

=

∂
Ι =

∂∑ �

  ˆ
nM  , :

( )
( )

( ) ( )1 12

0
1 0 ,0

2 1 ! 1 1ˆ
!

m j n jn mn n
m

n n m
j m n j

n
M

mk
ρ

ρρ

+ + + +−

= =

− − + − ∂
=

∂∑∑ � .

 , :

( ) ( ), ,
0,

cos sin
m mm

m

m n j n jm m

n j

C
x y

α αα
α α

α

ϕ ϕ
ρ

−

−
=

∂ ∂
=

∂ ∂ ∂∑�

(1.20)

(1.21)
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  :

( ) ( ) ( ) ( ) ( )1

, , , ,
1

1
1 1 1 cos sin

2

n
mm n j

n m n j n j

j

B
α α

α ϕ ϕ
−+

=

 = − + − − ∑ ,

 :

( )
( )

1
0

, ,
0 00

2 1 !ˆ
!

n m mn m

n m n mn m
m

n
M C B

m x yk

α
α α α

α

ρ
ρ

−

−
= =

− ∂
=

∂ ∂∑ ∑ .

 ,n jρ�    ,n jρ ∗�  ,  
 :

( )
( )

1
0

, ,
0 00

2 1 !ˆ
!

n m mn m

n m n mn m
m

n
M C B

m x yk

α
α α α

α

ρ
ρ

−
∗ ∗

−
= =

− ∂
=

∂ ∂∑ ∑ ,

:

( ) ( ) ( ) ( ) ( )1

, , , ,
1

1
1 1 1 cos sin

2

n
mm n j

n m n j n j

j

B
α α

α ϕ ϕ
−+∗ ∗ ∗

=

 = − + − − ∑ .

 
, ,n mB α   

, ,n mB α
∗    -

  , : 

( ), ,

,

0,

1 ,
nn m

n

m n
B

B m n
α

α

<= 
− =

, ( )
*
, , *

,

0,

1 ,
nn m

n

m n
B

B m n
α

α

<= 
− =

.

, ˆ
nM   ˆ

nM ∗   :

( ) 1

,
0

1 2ˆ
n n nn

n n nn n
M C B

nk x y

α
α α α

α

−

−
=

− ∂
=

∂ ∂∑ ,

 

( ) 1
*
,

0

1 2ˆ
n n nn

n n nn n
M C B

nk x y

α
α α α

α

−
∗

−
=

− ∂
=

∂ ∂∑

  ,   ˆ
nL   ˆ

nL∗  .  
  :

(1.22)

(1.23)
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( ) ( ) ( ) ( )

( )
( )

1 1
0

ˆ cos

ˆ sin
n

n

n

nM
H k H k

nM

ϕ
ρ ρ

ϕ∗

   
=        

,

  :

( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
12 2

1 10
0

1 0 ,0

2 1 ! 1
1 cos

!

mn mn n
j m

nn m
j m n j

n H k
H k n

mk

ρ
ρ ρ ϕ

ρρ

−
+

= =

− − ∂
− =

∂∑ ∑ � , (1.25)

 
( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

12 2
1 10

0
1 0 ,0

2 1 ! 1
1 sin

!

mn mn n
j m

nn m
j m n j

n H k
H k n

mk

ρ
ρ ρ ϕ

ρρ

−
+

∗
= =

− − ∂
− =

∂∑ ∑ � , (1.26)

( )
( )

( ) ( ) ( ) ( ) ( ) ( )1 12 2
1 0 0 0

1 0 , ,0

2 1 ! 1
1

!

mn m m mn n
j

n m m
j m n j n j

n H k H k
i

mk

ρ ρ ρ
ρ ρρ

−
+

∗
= =

 − − ∂ ∂
− ± = 

∂ ∂  
∑ ∑ � �

 

( ) ( )1 in

nH k e ϕρ ±= .

 , (1.11)-(1.13)  -

  ,     -

    ( ) ( )1
0H kρ  .

   (1.25)  (1.26) -

  .     
( ) ( )1
0 0 ,n jH k ρ ρ ρ−

� �
  ( ) ( )1

0 0 ,n jH k ρ ρ ρ ∗−
� �    

 n -   .    
:

     

,   (1.28)
( )

( )
( ) ( ) ( ) ( ) ( ) ( )

2 2
1 1 1

0 0 ,
10

2 1 !
1 cos

n n
j

n j nn
j

n
H k H k n

k
ρ ρ ρ ρ ϕ

ρ

−
+

=

−
− − ≈∑ � �

 

,  (1.29)
( )

( )
( ) ( ) ( ) ( ) ( ) ( )

2 2
1 1 1

0 0 ,
10

2 1 !
1 sin

n n
j

n j nn
j

n
H k H k n

k
ρ ρ ρ ρ ϕ

ρ

−
+ ∗

=

−
− − ≈∑ � �

 : 0ρ ρ> .
   2n   -

  .   0ρ  -

(1.24)

(1.27)
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 ,  ,  - -

  0 ,n jρ ρ�   0 ,n jρ ρ ∗�  ( . 5). ,  0ρ
-    ,   

 ,    n -  
  .

 ( ) 1
1

j+− ,    -

 (1.28)  (1.29),  ,   -

      -

.       
(  ) .

)

)

. 5.    ,  
  ) ( ) ( ) ( )1 cosnH k nρ ϕ   )

 

( ) ( ) ( )1 sinnH k nρ ϕ , 

 3n =   4n =

    -

 (1.12*) :
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( )
( )

( ) ( ) ( )
2 2

1 1
0 0 ,

10

2 1 !
1

n n
j

n jn
j

n
H k

k
ρ ρ ρ

ρ

−
+

=

− − − ±∑ � �

 

( ) ( ) ( ) ( )1 1
0 0 ,

in

n j niH k H k e ϕρ ρ ρ ρ∗ ±± − ≈
� � .

(1.6)  ,   :

( )
( )

( )
( )

( )

( )
( ) ( )

1 1
42 4

1 1
0 0 ,3 4

10

2 1 !
1

m

m

in n
m

n mn i
m

en
H k

k e

π
λ

π
ρ ρ ρ

ρ

+ −
−

+ +

=

 −
′− − ≈  

 
∑ � �

 ( ) ( )1 in

nH k e ϕρ ±≈ .

 -  ,n mρ ′�   :
 

, ,
, cos ,sin

2 2
n m n m

n m

ϕ ϕ
ρ

    ′ =     
    

� ,

 

( ), 1n m m
n

πϕ = − .

  ,  0kρ    -

 (1.16),  (1.28), (1.29)  (1.31)  :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1 1 1
0 0 , 0

1

1
1 cos

4

n
j

n j n n

j

H k J k H k n
n

ρ ρ ρ ρ ρ ϕ+

=

− − ≈∑ � � ,

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1 1 1
0 0 , 0

1

1
1 sin

4

n
j

n j n n

j

H k J k H k n
n

ρ ρ ρ ρ ρ ϕ+ ∗

=

− − ≈∑ � �
,

( )
( )

( )

( )
( ) ( )

1 1
44

1 1
0 0 ,3 4

1

1
1

4

m

m

in
m

n mi
m

e
H k

n e

π
λ

π
ρ ρ ρ

+ −

+ +

=

 
′− − ≈  

 
∑ � �

 ( ) ( ) ( )1
0

in

n nJ k H k e ϕρ ρ ±≈ .

,  ( ) ( ) ( )1
0

in

n nJ k H k e ϕρ ρ ±    
4n   ,  -  
,n mρ ′� , :

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)
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( ) ( ) ( )4 1 111
1

4

m

m
im

e
n

πλ  + −+ +   − ,
 

( ) ( ) ( )3 4 1 111
1

4

m

m
im

e
n

πλ  + −+ +   − ,

,  .

§5.    

    , 
 (1.33)   -

 0kρ   kρ  .
. 6 ,     -

 00.02 2kρ≤ ≤ ,  8.5kρ =   99M = .  , 
    1n = ,   

 ,  0 0.2kρ = . n -   
,   ,  -

. ,  3n ≥     
,       

  .

. 6.   0kρ
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. 7.   kρ
 

. 7    kρ  -

,  0 0.2kρ = . kρ    -

   ,   -

  .  ,  1n = , Reδ   Imδ  

    -

 1%-   2.6%- ,   . n -   
     

.
 ,   ,  

  ,  .  
   (1.1)      -

 ( 2n )  .

§6.    

       
     

[2, 7, 8].
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. 8.   

  , 0ρ      
  :
 

( ) ( ) ( ) ( ) ( )1 1
0 0 0

im

m m

m

J k H k e H kϕρ ρ ρ ρ
+∞

−

=−∞

= −∑ � � ,
 

0ρ ρ> ,

:

{ }cos ,sinρ ρ ϕ ϕ=
� , { }0 0 1,0ρ ρ=

� .

     -

 :
 ( ) ( ) ( )1

m

m mZ x Z x− = −

 , (1.36)  :
 

.  (1.38)( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1
0 0 0 0 0 0

1

2 cosm m

m

J k H k J k H k m H kρ ρ ρ ρ ϕ ρ ρ
∞

=

+ = −∑ � �

 ,  0ρ�   0l    
  -  (    -

    ( . 8)). :

{ }0 0 0 0cos ,sinρ ρ ϕ ϕ=
�

  (1.38)    :

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 0 0 0

1

2 cosm m

m

J k H k J k H k mρ ρ ρ ρ ϕ ϕ
∞

=

+ − =  ∑

(1.36)

(1.37)
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( ) ( )1
0 0H k ρ ρ= −

� � .

 ,    ( 0ρ ρ> ),  
      -

.        
 0l   . :

0 0 0dl dρ ϕ= , 
00 2ϕ π≤ < ,

   :
 

( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 0 02

l

J k H k H k dlπρ ρ ρ ρ ρ= −∫
� �

�

:
 

( ) ( ) ( ) ( ) ( )
2

1 1
0 0 0 0 0 0

0

2 J k H k H k d

π

π ρ ρ ρ ρ ϕ= −∫
� � .

 , :

( ) ( )
0

2

0 0 0 0 0

0

cos cos 0
l

m dl m d

π

ϕ ϕ ρ ϕ ϕ ϕ− = − =      ∫ ∫� ,

 1,2,...m = .
 (1.40)    , -

  -  . -

, i te ω−      ( ) ( )1
0H kρ  

 0ρ =     -

  .     -

 0l  ,    , - -

  ,    . 
 ,   ( 0ρ ρ> )   
 ( ) ( )1

0H kρ      
   ,   0l  -

 . (1.40)-   ,  -

 0ρ   ,    
 ( )0 0 02 J kπρ ρ   .  

(1.39)

(1.40)

(1.41)
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,  0kρ    , -

 ( )0 0 0J kρ = , (1.40)     
  ,       
 .
  (1.39)     

( )0cos n ϕ ϕ−   ,  n     
   0l   ,   

, :

( ) ( )
0

0 0 0 0 ,cos cos m n

l

m n dlϕ ϕ ϕ ϕ πρ δ− − =      ∫� ,

 ,m nδ   ,    -

 :
 

( ) ( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 02 cosn n

l

J k H k H k n dlπρ ρ ρ ρ ρ ϕ ϕ= − −  ∫
� �

� ,   (1.41*)

, (1.41)    , 
 ,  0n = .

  (1.39)      
   ( )0cos nϕ  ( ( )0sin nϕ ),  -

      0l  -

 . ,  , :

( ) ( )
( )

( )
( )

0

0
0 0 0 ,

0

cos cos
cos

sin sinm n

l

n n
m dl

n n

ϕ ϕ
ϕ ϕ πρ δ

ϕ ϕ
   

− =      
   

∫� ,

  :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 02 cos cosn n

l

J k H k n H k n dlπρ ρ ρ ϕ ρ ρ ϕ= −∫
� �

� , (1.42)

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 02 sin sinn n

l

J k H k n H k n dlπρ ρ ρ ϕ ρ ρ ϕ= −∫
� �

� .  (1.43)

 ,  (1.1)    
    ,  
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  -  .   
    . 

 N    ,    -

 :

( ) ( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 0 0 , ,

1

cos cos
N

N j N j N

jl

H k n dl H k nρ ρ ϕ ρ ρ ρ ρ ϕ ϕ
=

− ≈ − ∆∑∫
� � � �

� ,

( ) ( ) ( ) ( ) ( ) ( )
0

1 1
0 0 0 0 0 0 0 , ,

1

sin sin
N

N j N j N

jl

H k n d H k nρ ρ ϕ ϕ ρ ρ ρ ρ ϕ ϕ∗ ∗

=

− ≈ − ∆∑∫
� � � �

� .

:
 { }, , ,cos ,sinN j N j N jρ ϕ ϕ=
� , { }, , ,cos ,sinN j N j N jρ ϕ ϕ∗ ∗ ∗=

� ,

 

( ),

2
1N j j

N

πϕ = − ,
 

,

2 1

2N j j
N

πϕ∗  = − 
 

,
 2

N
N

πϕ∆ = .

 (1.42)  (1.43)    
:

, (1.46)( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 , , 0

1

1
cos cos

N

N j N j n n

j

H k n J k H k n
N

ρ ρ ρ ϕ ρ ρ ϕ
=

− ≈∑ � �

 

. (1.47)( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 , , 0

1

1
sin sin

N

N j N j n n

j

H k n J k H k n
N

ρ ρ ρ ϕ ρ ρ ϕ∗ ∗

=

− ≈∑ � �

,     , 
  ( 0ρ ρ> ),   0l   -

 N   .    
  .    

,   N     
     .

(1.44)

(1.45)
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§7.    

 (1.46)  (1.47)    
   ,   -

   ,  
N → ∞ .   N    -

 .
  (1.33)  (1.46),  

  , :

( ) ( )II

n nL Rρ ρ≈
� �

,
 ( ) ( ),

III

N n nL Rρ ρ≈
� �

.

 ,  2N n= ,   (1.44)  
(1.45) :

, ,N j n jϕ ϕ= ,
 

, ,N j n jϕ ϕ∗ ∗= ,
 

, ,N j n jρ ρ=
� � , 

, ,N j n jρ ρ∗ ∗=
� � ,

( ) ( ) ( ) 1

, ,cos sin 1
j

N j N jn nϕ ϕ +∗= = −

 (1.46)-    , :

( ) ( ) ( ) ( )
2

1 1
, 0 0 ,2

1

1
1

2

n
jIII

N n n jN n
j

L H k
n

ρ ρ ρ ρ+

=
=

= − −∑� � �
.

, (1.33)-     :

( ) ( ) ( ) ( )
2

1 1
0 0 ,

1

1
1

4

n
jII

n n j

j

L H k
n

ρ ρ ρ ρ+

=

= − −∑� � �

 :

( ) ( ), 2
2III II

N n nN n
L Lρ ρ

=
=

� �
,

:

( ) ( ), 2
2III

N n nN n
L Rρ ρ

=
≈

� �
.

 , (1.46)-  ,  
2N n= , :
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( ) ( )
( )

, 2

1

1
100%

III
M N n n

N n

n

L R

M R

µ µ

µ µ

ρ ρ

ρ
=

=

−
≈∑

� �

�

( ) ( )
( )1

21
100% 100%

M
n n

n

R R

M R

µ µ

µ µ

ρ ρ

ρ=

−
≈ =∑

� �

� .

,   ,  -

 N   ,    (1.1) 
 n   ,    2N n> .  -

    ,  
  .

§8.      
.  

  ˆ
nL   ˆ

nL∗   n  

      -

.   (1.1)   -

     .
,       -

.   x   y   -

 n    : 
 

( ) ,
0

,
n

n

n nf x y A x yα α
α

α

−

=

= ∑ ,

 ,nA α   . ,   
  ˆ

nf   (1.48) -

   ,    -

 :
 

( )
,

0

1ˆ
n nn

n nn n
f A

k x y
α α α

α
−

=

− ∂
=

∂ ∂∑ .

(1.48)

(1.49)
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  ( )cosn nρ ϕ   ( )sinn nρ ϕ , -

      -

  .     
n ine ϕρ ,    n -   -

, :

( )nn ine x iyϕρ = + .

    , :

( ) ( ) ( ) ( )
1

2 2 12 2 2 1 2 1

0 0 1

n nn
n n n n

n n nx iy C x iy C x iy C x iy
λ λ

α α αα α α α α α

α α α

+ −− − − − +

= = =

+ = = +∑ ∑ ∑

( ) ( )
1

12 2 2 2 1 2 1 2 1

0 1

1 1
n n

n n

n nC x y i C x y
λ λ

α αα α α α α α

α α

+ +− − − + −

= =

= − + −∑ ∑

 :
 

( ) ( ) 2 2 2

0

cos 1
n

n n

nn C x y
λ

α α α α

α

ρ ϕ −

=

= −∑ ,

 ( ) ( )
1

1 2 1 2 1 2 1

1

sin 1
n

n n

nn C x y
λ

α α α α

α

ρ ϕ
+ + − − + −

=

= −∑ .

 ( )cosn nρ ϕ   ( )sinn nρ ϕ   -

  .  (1.49)  
,   :

( ) ( ) 2
2 2

0

1
1

n
n n

nn n
C

k x y

λ
α α

α α
α

−
=

− ∂
−

∂ ∂∑ ,

 

( ) ( )
1

1 2 1
2 1 2 1

1

1
1

n
n n

nn n
C

k x y

λ
α α

α α
α

+ + −
− + −

=

− ∂
−

∂ ∂∑ ,

  (1.7)  (1.8) . , ˆnL   ˆ
nL∗
 

  ( )cosn nρ ϕ   ( )sinn nρ ϕ  -

   .

(1.50)

(1.51)
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1 1

2 2

ie
i i

z x y

ϕ

ρ ρ ϕ
   ∂ ∂ ∂ ∂ ∂

= + = +   ∂ ∂ ∂ ∂ ∂  

  .   ˆ
nL   ˆ

nL∗
 

   , :
 

( ) 2ˆ 1 Re
n n

n

n n
L

k z

 ∂ = −    ∂   
, ( )* 2ˆ 1 Im

n n
n

n n
L

k z

 ∂ = −    ∂   
.

,   (1.10),  -

:
( ) ( ) ( ) ( ) ( )1 1
0

ˆ cosn nL H k H k nρ ρ ϕ= , ( ) ( ) ( ) ( ) ( )1 1
0

ˆ sinn nL H k H k nρ ρ ϕ∗ = ,  (1.53)

   n - .  -

  ˆ ˆ
n nL iL∗+   , :

 

( ) ( )
( )

( )
( )

0*

0

ˆ ˆ n in

n n

n

J k J k
L iL e

N k N k

ϕρ ρ
ρ ρ

   
+ =   

   
,

  :

( ) ( )
( )

( )
( )

0

0

2
1

n n
n n in

n

n

J k J k
e

N k N kk z

ϕρ ρ
ρ ρ

   ∂ − =     ∂     
.

 ( )nJ kρ   ( )nN kρ    
( ) ( )1
nH kρ      . , 

(1.9)   ,  -

:
 

( )
( )
( )

( )
( )

( )
( )

1

1

J k J k J kd

N k N k N kd k k

ν ν ν

ν ν ν

ρ ρ ρν
ρ ρ ρρ ρ

+

+

     
= −     

     
,
 

0,1,...ν = .   (1.55)

(1.54)    -

  .  1n = , (1.55)-  -

 :

(1.51*)

(1.52)

(1.54)
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( ) ( )
( )

( )
( )

0 0*
1 1

0 0

2ˆ ˆ J k J k
L iL

N k N kk z

ρ ρ
ρ ρ

   ∂
+ = − =   ∂   

( )
( )

( )
( )

0 0

0 0

1i J k J ke
i

N k N kk

ϕ ρ ρ
ρ ρρ ρ ϕ

    ∂ ∂
= − + =    ∂ ∂     

( )
( )
( )

( )
( )

0 1

0 1

i i
J k J kd

e e
N k N kd k

ϕ ϕρ ρ
ρ ρρ

   
= − =   

   

 ,  (1.54)   .  -

,    ,  n m= , :

( ) ( )
( )

( )
( )

0

0

2
1

m m
m m im

m

m

J k J k
e

N k N kk z

ϕρ ρ
ρ ρ

   ∂ − =     ∂     
.

,  1n m= + , (1.55)-  , :

( ) ( )
( ) ( ) ( )

( )

1 1
10 0*

1 1 1
0 0

2ˆ ˆ 1
m m

m

m m m

J k J k
L iL

N k N kk z

ρ ρ
ρ ρ

+ +
+

+ + +

   ∂ + = − =     ∂    

( ) ( )
( )

( )
( )

0

0

2 2 2
1

m m
m m im

m

m

J k J k
e

N k N kk z k z k z

ϕρ ρ
ρ ρ

      ∂ ∂ ∂ = − − = − =       ∂ ∂ ∂         

( )
( )

( )
( )

2 2 im
m mim

m m

J k J k e
e

N k N kk z k z

ϕ
ϕρ ρ

ρ ρ
   ∂ ∂

= − − =   ∂ ∂   

( )
( )

( )
( )

2 1 2 1

2 2

i i
m mim im

m m

J k J ke e
i e i e

N k N kk k

ϕ ϕ
ϕ ϕρ ρ

ρ ρρ ρ ϕ ρ ρ ϕ
      ∂ ∂ ∂ ∂

= − + − + =      ∂ ∂ ∂ ∂      

( )
( )
( )

( )
( )

( ) ( )
( )

( )1 11

1

i m i mm m m

m m m

J k J k J kd m
e e

N k N k N kd k k

ϕ ϕρ ρ ρ
ρ ρ ρρ ρ

+ ++

+

      
= − + =      

       
.
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, (1.54)    n

- .   , :

( )
( )

( )
( ) ( )0

0

ˆ cosn

n

n

J k J k
L n

N k N k

ρ ρ
ϕ

ρ ρ
   

=   
   

,

 

( )
( )

( )
( ) ( )0*

0

ˆ sinn

n

n

J k J k
L n

N k N k

ρ ρ
ϕ

ρ ρ
   

=   
   

,

   (1.53) .
  n   m    ˆ ˆ

n nL iL∗+   
ˆ ˆ

m mL iL∗+ .    :

( )( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
n n m m n m n m n m n mL iL L iL L L L L i L L L L∗ ∗ ∗ ∗ ∗ ∗+ + = − + + .

 , (1.51*)  (1.52)  :

( )* 1ˆ ˆ
nn

n n n
L iL i

k x y

−  ∂ ∂
+ = + ∂ ∂ 

, ( )* 1ˆ ˆ
mm

m m m
L iL i

k x y

−  ∂ ∂
+ = + ∂ ∂ 

 :

( )( ) ( )1ˆ ˆ ˆ ˆ ˆ ˆ
n mn m

n n m m n m n mn m
L iL L iL i L iL

k x y

++
∗ ∗ ∗

+ ++

−  ∂ ∂
+ + = + = + ∂ ∂ 

.

   :

ˆ ˆ ˆ ˆ ˆ
n m n m n mL L L L L∗ ∗

+− = ,
 ˆ ˆ ˆ ˆ ˆ

n m n m n mL L L L L∗ ∗ ∗
++ = .

     ( ) ( )1
0H kρ , -

 (1.53)-  ,  , :

,( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1ˆ ˆcos sin cosn m n m n mL H k m L H k m H k n mρ ϕ ρ ϕ ρ ϕ∗
+

   − = +     

.( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1ˆ ˆsin cos sinn m n m n mL H k m L H k m H k n mρ ϕ ρ ϕ ρ ϕ∗
+

   + = +     

   .    
0m = ,    (1.53)   

.
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§9.    
     

 (1.1)    -

:
 

( ) ( ) ( ) ( ) ( ) ( )1 1
0 0

1

cos
N

N n n

n

F a H k a H k nρ ρ ρ ϕ
=

= + ∑�
,

 N    ,  
na   

.      -

   .  -

    . (1.41)  -

  :

( ) ( ) ( )
( ) ( )

2
1 10

0 0 0 0 0
0 0 02

a
a H k H k d

J k

π

ρ ρ ρ ϕ
π ρ

= −∫
� �

,

    2N    -

  , :

( ) ( ) ( )
( ) ( )

2
1 10

0 0 0 0 ,
10 02

N

N j

j

a
a H k H k

NJ k
ρ ρ ρ ρ

ρ =

≈ −∑ � �
,

:

{ }, , ,cos ,sinN j N j N jρ ϕ ϕ=
�

,
 

( ), 1N j j
N

πϕ = − .

 2N     (  -

    ).  , 
(1.33)  ,   -
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( ) ( ) ( ) ( ) ( ) ( ) ( )
2

11 1
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10

1
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4

n
j

n n j

jn

H k n H k
nJ k

ρ ϕ ρ ρ ρ
ρ

+

=

≈ − −∑ � �
.

 (1.56)    :

(1.56)
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2
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N
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2 3N N+ . ,  , ,n jρ�  -  (1.2) 

 ,   1,..., 2j n=   1,...,n N= ,  -
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     . , 

     . 
,  10N = ,     

64   _ 130.
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ρ ρ ρ ϕ
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=
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,
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    . , -
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( ) ( )
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n n
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2
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( ) ( )
( ) ( ) ( )

( ) ( )
2

10
, 0 0 ,1

10 0 02

N

z N N j

j

J ka
E H k

NJ k H ka
ρ ρ ρ ρ

ρ =

≈ − − −∑� � �

 
( ) ( )

( ) ( ) ( )
( ) ( ) ( )

2
1 1

0 0 ,1
1 10

1
2

n
N n

jn

n j

n jn n

i J ka
H k

nJ k H ka
ρ ρ ρ

ρ
+

= =

−
− − −∑ ∑ � �

.

,     
    .

) )

. 9.   

(1.59)

(1.60)
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, . 9-     -

,  ) 0 2kρ =   ) 0 1kρ = .  , 
4.1ka =   5N = .      

(1.60)     . 
     (1.58)  

 ,    -

   .     
   (  (1.58)   

 ).   ),   
  ,     

 ,  (1.60)    
 (1.58) .

§11.     

    :

( ) ( ) ( ) ( )01
0

in

n nJ k H k e
ϕ ϕρ ρ − − ,

 ( ) ( ) ( ) ( )01
0

in

n nJ k H k e
ϕ ϕρ ρ − .

(1.37)  ,     
  n    .  -

  :

( ) ( ) ( ) ( ) ( )01
0 0, in

n n nJ k H k e
ϕ ϕρ ρ ρ ρ − −

−Η =
� �

,
 

( ) ( ) ( ) ( ) ( )01
0 0, in

n n nJ k H k e
ϕ ϕρ ρ ρ ρ −

+Η =
� �

    .   
   :

( ) ( ) 02 4
0 0

2
,

n
i k n n

n nJ k e
k

π πρ ϕ ϕ
ρ ρ ρ

π ρ

 − − − + 
 

−Η ≈
� � ,

( ) ( ) 02 4
0 0

2
,

n
i k n n

n nJ k e
k

π πρ ϕ ϕ
ρ ρ ρ

π ρ

 + − − − 
 

+Η =
� �

,
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( . [3]).    i te ω− ,   -

    , :

02 4n

n
k n t n

π πφ ρ ϕ ω ϕ− = − − − − + ,
 

02 4n

n
k n t n

π πφ ρ ϕ ω ϕ+ = + − − − − .

 ,     
    ,   

.     -

, :
d

dt k

ρ ω
= .

   :

d

dt n

ϕ ω
= − ,

 
d

dt n

ϕ ω
= .

,     
  .    

 f n ,   n -  .  
( )2f ω π=   . 

n−Η     
    ( ) , 

 n+Η -   ( ) .
. 10  

n−Η   
n+Η   ,  

4n = .     . -

 (1.35)-  ,    -

    4n   ( )1
0H   

,   0ρ   .

. 10. ) H
-4
  ) H

+4
 

) )
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. 11.  H
-4
,      

16 ,    

. 11  ,  0 2kρ =   4n = . 
 16      

  .   -

  ,   ,  
  .    -

    , 
 ,   . -

,      ,  

4−Η  .
,       

4−Η  ,    0ρ ρ> . -

 ,  ( )0,n ρ ρ−Η
� �   ( )0,n ρ ρ+Η

� �
  -

  :

( ) ( ) ( ) ( ) ( ) ( )1
0 0 0 0

1
cos , ,

2n n n nJ k H k nρ ρ ϕ ϕ ρ ρ ρ ρ+ −− = Η + Η      
� � � � ,

      -

   .
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 II
   

 

   n      
,    , -

   . ,    
   1n +   -

,        -

 [11].    . -

,  N      
  ,     

 ,    
 2 1N + - .     
    .

§12.     
     

   ,  -

 ( )0 0 0, ,r ϑ ϕ , ( ), ,r ϑ ϕ   ,    
.     

,  0r
�

  r
�

.    -

:
 ( ) ( ) ( )1 cosn nh kr P γ ,

 ( )1
nh     , 

nP  -

 , 1,2,...n = , 
 

( )0
0 0 0

0

cos sin sin cos cos cos
r r

rr
γ ϑ ϑ ϕ ϕ ϑ ϑ⋅

= = − +
� �

 , γ    0r
�

  r
�

  
.  (2.1)    -

(2.1)

(2.2)
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  [2].  ,   -

    ( ,  
 ),     

.
 ( ) ( )1
h krν   ( )cosPν γ ,  0ν =   1ν = , -

 :

( ) ( )1
0

ikre
h kr

ikr
= ,

 

( )0 cos 1P γ = ,
 

( ) ( ) ( )0
(1)
1

1 1
kr h kr ih

kr

 − =  
 

,
 

( )1 cos cosP γ γ= .

  ,    
 :
 

( ) ( ) ( )(1) (1) (1)
1 1

2 1
h h h

kr
kr kr krν ν ν

ν
+ −

+
= − ,

 ( ) ( ) ( )1 1cos cos cos c
1

os
2 1

1
P P Pν ν νγ γ γ ν

ν
γν

ν+ −

+
= −

+ +
,

( . [3]). ,     i te ω− ,  -

 ( ) ( )1
0h kr      

( )    .
  ,   -

 (2.1)     n -  
( . 12), ,     -

    ,     -

 .    
 0 0r rτ =
� �    ( ) ( )1

0h kr    
    .  -

  :
 

( ) ( ) ( ) ( ) ( )
1

10
1 1

1
cos

h kr
h kr P

k
γ

τ
∂

− =
∂
�

,

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
12

1 10
0 2 22 2

1 3
cos

2

h kr
h kr h kr P

k
γ

τ

 ∂
+ = 

∂  
� ,

(2.3)

(2.4)

(2.5)

(2.6)
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( ) ( ) ( ) ( ) ( ) ( ) ( )
1 13

10 0
3 33 3

1 5 3
cos

2

h kr h kr
h kr P

k k
γ

τ τ

 ∂ ∂
− + = 

∂ ∂  
� � ,

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 14 2

1 10 0
0 4 44 4 2 2

1 35 30
3 cos

8

h kr h kr
h kr h kr P

k k
γ

τ τ

 ∂ ∂
+ + = 

∂ ∂  
� � .     (2.8)

,    , -

    [12]. , 
  :

 ( )
( )

( ) ( ) ( ) ( ) ( )
12

10
2 2 2

0

1 1
cos

2

n
n n m

m n

n n nn mn n m n m
m

h kr
C C h kr P

k

λ

γ
τ

−

− − −
=

− ∂
=

∂∑ � ,

  nλ   (1.6) .  
,   0 0ϑ = ,  cos cosγ ϑ=   τ�   -

 z   .  , (2.9)  
:

 ( )
( )

( ) ( ) ( ) ( ) ( )
12

10
2 2 2

0

1 1
cos

2

n
n n m

m n

n n nn mn n m n m
m

h kr
C C h kr P

k z

λ

ϑ
−

− − −
=

− ∂
=

∂∑ .

,  n     -

      
 .
,     -

: 
( )

( ) ( ) ( ) ( ) ( )2

1

cos
sin 1 cos cos cos

cos
n

n n

dP
n P P

d

ϑ
ϑ ϑ ϑ ϑ

ϑ += + −   ,

( ) ( )
( )

( ) ( ) ( ) ( ) ( )
1

1 1
1 1

1
1

2 1
n

n n

dh kr
nh kr n h kr

d kr n
− +

 = − + +
,

( ) ( ) ( ) ( )1 1

1
cos cos cos 1 cos

2 1n n nP nP n P
n

ϑ ϑ ϑ ϑ− += + +  +
,

( ) ( ) ( ) ( ) ( ) ( )1 1 1
1 1

1 1

2 1n n nh kr h kr h kr
kr n

− +
 = + +

,

(2.7)

(2.9)

(2.10)
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( . [3]),   (2.1)   -

  :

( ) ( ) ( )11
cosn nn

h kr P
k z

ϑ∂   = ∂

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
1 1 1 1

1
cos 1 cos

2 1 n n n nnh kr P n h kr P
n

ϑ ϑ− − + +
 = − + +

.

  ,   (2.10)-  
 :

( ) ( ) ( ) ( ) ( ) ( )
1

10
2 2

0

1
1 cos

n
n

n m

nm n m n mn n
m

h kr
a h kr P

k z

λ

ϑ−
− −

=

∂
= −

∂ ∑ ,

 
nma   .   -

     (  I).

 I. a
nm

   

§13.    

 ( ) ( )1
0h kr   s    τ�  

      -

 :

( ) ( ) ( ) ( ) ( )
1

10
0

0

1
2

s s
s

s s ss

h kr s
C h k r

α α

α

δ α δ τ
τ

−

=

∂   ≈ − + −  ∂   
∑ � �

� .

(2.10*)
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 sδ       s  

 ( . [4]).  ,  (2.9)  -

        
nδ  (      n  

),  (2.9)  , :
 

( ) ( ) ( ) ( )
2

1 1
, , 0

0 0

cos
2

n n m

m n n n n

m

n
h k r m h kr P

λ

α
α

α δ τ γ
−

= =

  Ψ + − − ≈  
  

∑ ∑ � � ,

:
 

( )
( ) ( )2, , 22

1

2

n

m nm n

m n n n m nn mn
C C C k

α
α

α δ
+

−
−−

−
Ψ = .

(2.11)    ,   ( )1
0h  

     m   n  

.     :

( ) ( )1 1
, , 0 , , 0

0 0 2 2

n j

m n j m n m n n m j n

j m

n n
h k r j h k r j

λ

δ τ δ τ− − −
= =

       Ψ + − + Ψ − − −       
       

∑∑ � � � �

( ) ( ) ( ) ( ) ( ) ( )1 1
, , 0

0

1 1
cos

2

n

n

n

m n m n n

m

h kr h kr P
λ

λ γ−
=

+ −
− Ψ ≈∑ .

 , ( )1
0h     -

 m  .   :

, , ,
0

j

n j m n j m

m

−
=

Μ = Ψ∑ ,
 

, , ,
0

j

n j m n n m j

m

− −
=

Φ = Ψ∑ ,
 

, , ,
0

n

n nn n m n m

m

λ

λ λ −
=

Ω = Μ = Ψ∑ ,  (2.13)

 :

( ) ( )1 1
, 0 , 0

0 2 2

n

n j n n j n

j

n n
h k r j h k r j

λ

δ τ δ τ
=

       Μ + − + Φ − − −       
       

∑ � � � �

( ) ( ) ( ) ( ) ( ) ( )1 1
0

1 1
cos

2

n

n n nh kr h kr P γ
+ −

− Ω ≈ ,

(2.11)

(2.12)
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( ) ( )
1

1 1
, 0 , 0

0 2 2

nn

n j n n j n

j

n n
h k r j h k r j

λ

δ τ δ τ
− −

=

       Μ + − + Φ − − +       
       

∑ � � � �

 
( ) ( ) ( ) ( ) ( ) ( )1 1

0

1 1
cos

2

n

n n nh kr h kr P γ
+ −

+ Ω ≈ .

 (2.14)  ,   
    ( )  
. , (1.6)-  ,   

 :

( ) ( )1 1
2 1

2

n

nn nλ
+ −

− + = + .

      
(2.14) .    :

 
,

,
,

, 0,..., 1

, ,...,

n j n

n j

n n j n

j n
A

j n n

λ

λ−

Μ = − −= Φ = −
ɶ ,

 :
 

( ) ( ) ( ) ( )1 1
, 0

0

cos
2

n

n j n n n

j

n
A h k r j z h kr Pδ ϑ

=

  − − ≈  
  

∑ � �ɶ ,

 (2.14)  ,  .

§14.  

 (2.16)  ,n jAɶ   , 
     .   -

 (2.12):

( )
( ) ( )2, , 22

1

2

n

m nm n

m n n n m nn mn
C C C k

β
β

β δ
+

−
−−

−
Ψ = ,

(2.14)

(2.15)

(2.16)
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 , :

( )
( ) ( )2, , 22

1

2

n j m

m nm n j m

m n j m n n m nn mn
C C C kδ

+ −
−−

− −−

−
Ψ = =

( )
( ) ( )222

1

2

n j m

m nm n j m

n n m nn mn
C C C kδ

+ +
−−

−−

−
= ,

( )
( ) ( )

2
2

, , 22

1

2

n m

m nm n n m

m n n m n n m nn mn
C C C k

α
α

α δ
− −

−− −
− − −−

−
Ψ = =

( )
( ) ( )222

1

2

m

m nm n n m

n n m nn mn
C C C k

α
α δ

+
−− −

−−

−
= .

 (2.13)-  :

( ) ( ) ( ) ( )2, 22
0

1
1

2

j n j
m m nm n j m

n j n n m nn mn
m

C C C kδ
+

−−
−−

=

−
Μ = −∑ ,

( ) ( ) ( ) ( )2, 22
0

1
1

2
m m nm n n m

n n n m nn mn
m

C C C k

α α
α

α δ −− −
−−

=

−
Φ = −∑ ,

( ) ( ) ( ) ( )2, 22
0

1
1

2

j n n j
m m nm n j m

n n j n n m nn mn
m

C C C kδ
+ −

−−
− −−

=

−
Φ = −∑ ,

  :

( ), , ,
0

1
j

j

n j m n j

m

ψ
=

Μ = − ∑ ,

 

( ), , ,
0

1
n j

j

n n j m n j

m

ψ
−

−
=

Φ = − ∑ ,

 ( )
( ) ( )2, , 22

1

2

m n

m nm n j m

m n j n n m nn mn
C C C kψ δ

+
−−

−−

−
= . (2.17)
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, ,n jAɶ   :

( )
, ,

0
,

, ,
0

, 0,..., 1

1

, ,..., ,

j

m n j n
j m

n j n j

m n j n

m

j n

A

j n n

ψ λ

ψ λ

=

−

=


= − −= − 

 = −

∑

∑
ɶ

    :
 

( )
, ,

0
, ,

, ,
0

, 0,..., 1

1

, ,...,

j

m n j n
j m

n j n j n j

m n j n

m

j n

A A

j n n

ψ λ

ψ λ

=

−

=


= − −= − = 

 = −

∑

∑
ɶ ,

  (2.16)    :

 

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 cos
2

n
j

n j n n n

j

n
A h k r j h kr Pδ τ γ

=

  − − − ≈  
  

∑ � � .

 (2.19)-  , 1n +   -

  0r
�    . 

 - :
 

, 2n j n

n
r j δ τ = − 

 
� �

.

   
n nl nδ=    -

,    .  -

 nδ       . 
 ,n jA     

  (2.18) .   
, ( )1 j−   ,    -

 .

(2.18)

(2.19)

(2.19*)
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. 12.   

. 12  z     
  , n -    -

.     -

  0y =  .

§15.   

 (2.19)   n -  -

 .   ,  
       -

 - .   -

,  M    ,  
-  rµ

�   1,...,Mµ = .  (2.19) -

       -

 ,  ( )nL rµ
�

  ( )nR rµ
� .  

     
 (1.19)  (1.19*).  ,   -

     ( )nR rµ
�   -

  .



49

. 13.      
 nl  

,     
 

nl  ,    -

   R   ,  

nl       . -

  R        
2nR l> ,      -

   .
. 13-     -

 n -    ,  
0.01 0.5nlλ λ≤ ≤ ,  4R λ=   800M = .  λ  -

  .  , 
nl    

 .    n -  , -

  ( , 5n =    
 ,  4n =  ).   

 0.2λ ,  4R λ=     
10%-  ,   .
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. 14. (2.18)-      
   

  ,    
. . 14  (2.19)  -

  ( )   ( )  -

 ,  0.2nl λ=   6n = .  -

,  λ      
 ,  .

§16.    
     

     
   :

( ) ( ) ( )1

1

cos
N

n n n

n

a h kr P γ
=

∑ ,

 
na   (  ) , 

 N    .
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    (2.19)  -

   .    -

 :

( ) ( ) ( ) ( ) ( )1 1
, 0

1 1 0

cos 1
2

N N n
j

n n n n n j n

n n j

n
a h kr P a A h k r jγ δ τ

= = =

  ≈ − − −  
  

∑ ∑∑ � �
.

 ,      Nδ  ( -

  N - ),   (2.19) -

     1,...,n N= - . 
   ,   -

    ,   -

 2 1N +  .   :
 

( ) ( ) ( ) ( )
2

1 1
, 0

1 0

cos
2

N N

n n n N m N

n m

m N
a h kr P D h k rγ δ τ

= =

 − 
≈ − 

 
∑ ∑ � � ,

 ,N mD    na   ,n jA  -

 , :

 

( )

( ) ( ) ( )

( )
2

2 2 ,
0

1
1

, 2 1 2 1 , 1
0

2 2 ,
0

1 , 0,..., 1

1 ,

1 , 1,..., 2

m

m

N m

N m N m

N m

m N

m N m N m N

a A m N

D a A m N

a A m N N

λ
α

α α α
α

λ
α

α α α
α

λ
α

α α α
α

−

− + − +
=

−
+

+ + +
=

− +
− + − + − +

=


− = −


= − =



− = +


∑

∑

∑

.    (2.21)

 (2.20)  (2.21)   
    .

(2.20)
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§17.     .
 

 ,   -

       
[13, 14].        

,    .

. 15.    

,  0E    x    
,     

 z      a    
  ( . 15). ,     

E
�

,   IE
�

   IIE
�

  -

    [15].   
   :

 I II

r r rE E E= + , I IIE E Eϑ ϑ ϑ= + , I IIE E Eϕ ϕ ϕ= + ,

:
 

2
2

0 2

2
0

2

0

cos

cos

sin

sin

I

r

I

I

P
E E k r

r

E P
E r

r r

E P
E r

r r

ϑ

ϕ

ϕ
ϑ

ϕ
ϑ

ϕ
ϑ ϑ

  ∂ ∂ = +   ∂ ∂  
  ∂ ∂ =  ∂ ∂ 
 ∂ ∂  = −  ∂ ∂ 

,

 

0

2

0 2

0

cos

sin

sin

II

r

II

II

E

iE k Q
E

Q
E iE k

ϑ

ϕ

ϕ
ϑ ϑ

ϕ
ϑ


 =


∂ = ∂
 ∂

= − ∂

.

(2.22)

(2.23)
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 P   Q       
   :

 

( ) ( ) ( )1

1

cosn n n

n

P a h kr P ϑ
∞

=

= ∑ ,
 

( ) ( ) ( )1

1

cosn n n

n

Q b h kr P ϑ
∞

=

= ∑ .

 
na   nb   , :

( )
( ) ( )

( ) ( ) ( ) ( )

1

1 1

2 1

1

n
n n

n

n n

j ka kaj kai n
a

k n n h ka kah ka

− ′++
=

+ ′+
,
 

( )
( )

( ) ( )
1

1

2 1

1

n
n

n

n

j kai n
b

k n n h ka

− +
=

+
.

 (2.24)    
ka  . ,  1ka > ,   

 N ka=          
 . ,   :

( ) ( ) ( )1

1

cos
N

n n n

n

P a h kr P ϑ
=

≈ ∑ ,
 

( ) ( ) ( )1

1

cos
N

n n n

n

Q b h kr P ϑ
=

≈ ∑ .

  (2.20) ,  -

    :

( )
2

1
, 0

0 2

N

N m N

m

m N
P D h k r zδ

=

 − 
≈ − 

 
∑ � � ,

 

( )
2

1
, 0

0 2

N

N m N

m

m N
Q F h k r zδ

=

 − 
≈ − 

 
∑ � � .

  ,N mD   (2.21) -

.    ,N mF ,   
 ,N mD ,   na -   -

 nb - .
   ,  

     : 
 

( ) ( )( )
2

, ,, ,
0

N
I II

N N m N mN m N m
m

E D E F E
=

≈ +∑
� � �

.

(2.24)

(2.25)
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 ( ),
I

N m
E
�

  ( ),
II

N m
E
�

      
(2.23)     -

  ( ) ( )1
0h kr  .   -

:

( ),

1

2N m NN m δ∆ = − ,
 

( )22
, , ,2 cosN m N m N mR r r ϑ= − ∆ + ∆ ,

( )
( ) ( )1
0 ,1 , N mN m

L h kR′= ,
 

( )
( ) ( ) ( )
1

, 0 ,2 , 1 ,N m N mN m N m
L kR h kR L′′= − ,

( ) ( ) ( ) ( ) ( )
2 1

, 0 ,3 , 2 ,3N m N mN m N m
L kR h kR L′′′= − ,

      -

:

( ) ( ) ( )
20 ,

, 1 ,
,

sin cos
2N mI

r N m N m

N m

E k
E kr L

R

ϑ ϕ ∆  = + + 

 

( )
( ) ( )

( )
( ) ( )

22
, ,

2 , 3 ,2 4

, ,

5 4 cos cosN m N m

N m N m

N m N m

r r r r
L L

R R

ϑ ϑ − ∆ − ∆ + + 


,

( )
0 ,

,
,

cosN mI

N m

N m

E k
E

R
ϑ

ϕ∆
= ×

( )
( )

( ) ( )

2
, ,

1 , 2 ,2

,

3 sin cos cos
2 cos

N m N m

N m N m

N m

r r
L L

R

ϑ ϑ ϑ
ϑ

  ∆ + − ∆  × + +


 ( )
( ) ( )

2 2
, ,

3 ,4

,

cos sinN m N m

N m

N m

r r
L

R

ϑ ϑ ∆ − ∆ + 


,
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( ) ( )
( )

( ) ( )
,0 ,

, 1 , 2 ,2
, ,

cossin
2 N mN mI

N m N m N m

N m N m

r rE k
E L L

R R
ϕ

ϑϕ  − ∆∆  = − +
 
 

,

( ), 0II

r N m
E = ,

 

( ) ( )

2
0 ,

, 1 ,
,

cosN mII

N m N m

N m

E k r
E i L

R
ϑ

ϕ∆
= ,

( ) ( ) ( ) ( )

2 2
0 , ,

, 1 , 2 ,2
, ,

sin sin
cosN m N mII

N m N m N m

N m N m

E k r r
E i L L

R R
ϕ

ϕ ϑ
ϑ

 ∆ ∆ = − +
 
 

.

     -

 .

)

)

)

)

. 16.   

. 16 )  )     -

 0x =   0y = ,  5N ka= =     0.5Nkδ = . . 
16 )  )   ,  0.25Nkδ = . 

      
   .   

  (2.22)-(2.24)   , 
    . -
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.   ,  (2.24) , 

 N ka=         -

  .  , 
Nkδ    

     [16].
     

     -

. ,      
  ,    -

, 2 1N +      -

.
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 III
    

    
 

    , 
      -

 .   -

,      -

,      
      

 [17].
     

 :     
      -

 ;    -

      
.     -

  ,     
.       -

  .   -

,   ,    
     -

.
    

    . -

    -

      
,     .  

     -

.
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§18.      
.     .

  

   , :
 ( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ , ( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ ,

 1,2,...n =   0,1,...m = . ,  m n≤ .  
m n= ,  (3.1)  ,   0 m n< < , 

    [10].  , -

 0m = , (3.1)-      
  ,    -

.  m

nP     -

   :
 

( ) ( ) ( )
( )

( )cos 1 sin cos
cos

m
m mm

n nm

d
P P

d
ϑ ϑ ϑ

ϑ
= −    .

  , (3.1)  -

     . , 
     -

.

)

1, 1n m= = 2, 1n m= = 2, 2n m= =

3, 1n m= = 3, 2n m= = 3, 3n m= =

(3.1)

(3.2)



59

)

1, 1n m= = 2, 1n m= = 2, 2n m= =

3, 1n m= = 3, 2n m= = 3, 3n m= =

. 17. ) ( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ
 

 ) ( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ

 ,  1,2,3n =
  

m n≤ , ( r const= )

     
,   (3.1)   

   ( . 17). ,  
   ( )2 1m n m− +   -

.      -

  :
 { }, , , , , , , , , , ,sin cos ,sin sin ,cosm n m n m m n m m nr α β α β α β αϑ ϕ ϑ ϕ ϑ=
�

,

 
{ }, , , , , , , , , , ,sin cos ,sin sin ,cosm n m n m m n m m nr α β α β α β αϑ ϕ ϑ ϕ ϑ∗ ∗ ∗=

�
,

:
 ( )

( ), ,

2 1

2 1m n
n m

α

π α
ϑ

−
=

− +
,
 

( ), 1m
m

β
πϕ β= − ,

 

,

1

2m
m

β
πϕ β∗  = − 

 
,

1,..., 1n mα = − + , 1,..., 2mβ = .

(3.3)

(3.4)

(3.5)
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 ,   m   n    
  -   1m n= −   

m n= ,      .  
      ( 1m n< − ), -

     ( , 
 3n =   1m = ).
 , ,    -  -

 1m n= −   m n=   ,   -

.   , -

   :
 

( )
1

1

1 1 , , ,

1ˆ 1
nn m m

m

n n n

m nk r

α β

α β α β

− +
+ +

= =

∂
Π = −

∂∑ ∑ � ,

:

, , ,

n

n

m nr α β

∂
∂
�

 n     , , ,m nr α β
�

 

 .   -

 , :

, , , , , , , ,
, , ,

sin cos sin sin cos
nn

m n m m n m m nn

m nr x y z
α β α β α

α β

ϑ ϕ ϑ ϕ ϑ
 ∂ ∂ ∂ ∂

= + + ∂ ∂ ∂ ∂ 
� ,

     , :

( ) ( ), , , ,
0 0, , ,

cos sin
n nn

n

n n m n m nn

m n

C C
r

µ µ µµ ν
µ α α

µ να β

ϑ ϑ
−

−

−
= =

∂
= ×

∂ ∑∑�

( ) ( ), ,cos sin
n

n

m m nx y z

µ ν ν

β β µ ν ν µϕ ϕ
− −

− −

∂
×

∂ ∂ ∂
.

 :

( ) ( ) ( )
1

1

, , , , , ,
1 1

1 cos sin
n m m

nm

n m n m nD
µ µα β

µ ν α α
α β

ϑ ϑ
− + −+ +

= =

= − ×∑ ∑

(3.6)
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 ( ) ( ), ,cos sin
n

m m

µ ν ν

β βϕ ϕ
− −

× ,

   (3.6)  -

 :
 

, ,
0 0

1ˆ
nnn

m m

n n n nn n
C C D

k x y z

µ
µ ν

µ µ ν µ ν ν µ
µ ν

−

− − −
= =

∂
Π =

∂ ∂ ∂∑∑ .

  (3.6)   

, , ,m nr α β
∗�   ,    -

:

( ) ( ) ( )
1

1

, , , , , ,
1 1

1 cos sin
n m m

nm

n m n m nD
µ µα β

µ ν α α
α β

ϑ ϑ
− + −+ +∗

= =

= − ×∑ ∑

 ( ) ( ), ,cos sin
n

m m

µ ν ν

β βϕ ϕ
− −∗ ∗× ,

 :
 

, ,
0 0

1ˆ
nnn

m m

n n n nn n
C C D

k x y z

µ
µ ν

µ µ ν µ ν ν µ
µ ν

−
∗ ∗

− − −
= =

∂
Π =

∂ ∂ ∂∑∑ .

,  , ,
m

nD µ ν   , ,
m

nD µ ν
∗    

, (3.7)  (3.9) ,   
. , m   n    -

,  1m n= −   m n= , :

1 1 2
1,0,0 2,1,0 2,0,0
1 1 2
1,0,1 2,1,1 2,0,1

1
D D D

D D D∗ ∗ ∗

     
= = = −          

     
,

 
2
3,1,0
2
3,1,1

1

2

D

D ∗

 
= −  

 
, 

3
3,0,0
3
3,0,1

3

4

D

D ∗

 
= −  

 
, 

3
4,1,0
3
4,1,1

3

8

D

D ∗

 
= −  

 
, 

4
4,0,0
4
4,0,1

1

2

D

D ∗

 
= −  

 
. (3.10*)

 , (3.8)  (3.10)-  :

1
1

1ˆ
k x

∂
Π = −

∂
,
 

2
1
2 2

2ˆ
k x z

∂
Π = −

∂ ∂
,
 

2 2
2
2 2 2 2

1ˆ
k x y

 ∂ ∂
Π = − − ∂ ∂ 

,

(3.7)

(3.8)

(3.9)

(3.10)



62

2 2
2
3 3 2 2

3 1ˆ
2 k z x y

 ∂ ∂ ∂
Π = − − ∂ ∂ ∂ 

, 
2 2

3
3 3 2 2

3 1ˆ 3
4 k x x y

 ∂ ∂ ∂
Π = − − ∂ ∂ ∂ 

,

2 2 2
3
4 4 2 2

3 1ˆ 3
2 k x z x y

 ∂ ∂ ∂
Π = − − ∂ ∂ ∂ ∂ 

, 
4 4 4

4
4 4 4 2 2 4

1 1ˆ 6
2 k x x y y

 ∂ ∂ ∂
Π = − − + ∂ ∂ ∂ ∂ 

,

1
1

1ˆ
k y

∗ ∂
Π = −

∂
,
 

2
1
2 2

2ˆ
k y z

∗ ∂
Π = −

∂ ∂
,
 

2
2
2 2

2ˆ
k x y

∗ ∂
Π = −

∂ ∂
,

3
2
3 3

1ˆ 3 2
k x y z

∗ ∂
Π = −

∂ ∂ ∂
,
 

2 2
3
3 3 2 2

3 1ˆ 3
4 k y x y

∗  ∂ ∂ ∂
Π = − − ∂ ∂ ∂ 

,

2 2 2
3
4 4 2 2

3 1ˆ 3
2 k y z x y

∗  ∂ ∂ ∂
Π = − − ∂ ∂ ∂ ∂ 

,

 
2 2 2

4
4 4 2 2

1ˆ 2
k x y x y

∗  ∂ ∂ ∂
Π = − − ∂ ∂ ∂ ∂ 

.

 ,     -

   ( ) ( )1
0h kr .    -

 ,      -

 kr      . 
  ,   

:

( )
1
1 1

1 11
1

ˆ cos ˆcos
ˆ sin

P Q
ϕ

ϑ
ϕ∗

 Π  
=    Π   

,
 

( )
1
2 1

2 21
2

ˆ cos2 ˆcos
ˆ sin3

P Q
ϕ

ϑ
ϕ

 Π  
=    Π   

,

( ) ( )
( )

2
2 2

2 22
2

ˆ cos 21 ˆcos
ˆ sin 23

P Q
ϕ

ϑ
ϕ∗

   Π
= −    Π   

,
 

( ) ( )
( )

2
3 2

3 32
3

ˆ cos 21 ˆcos
ˆ sin 25 2

P Q
ϕ

ϑ
ϕ∗

 Π  
= −    Π   

,
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( ) ( )
( )

3
3 3

3 33
3

ˆ cos 31 ˆcos
ˆ sin 320

P Q
ϕ

ϑ
ϕ∗

 Π  
=    Π   

,
 

( ) ( )
( )

3
4 3

4 43
4

ˆ cos 31 ˆcos
ˆ sin 370

P Q
ϕ

ϑ
ϕ∗

   Π
=    Π   

,

( ) ( )
( )

4
4 4

4 44
4

ˆ cos 41 ˆcos
ˆ sin 4210

P Q
ϕ

ϑ
ϕ∗

   Π
= −    Π   

,

:

( )1
1 cos sinP ϑ ϑ= − ,

 ( )1
2 cos 3cos sinP ϑ ϑ ϑ= − ,

 ( )2 2
2 cos 3sinP ϑ ϑ= ,

( )2 2
3 cos 15cos sinP ϑ ϑ ϑ= ,

 ( )3 3
3 cos 15sinP ϑ ϑ= − ,

( )3 3
4 cos 105cos sinP ϑ ϑ ϑ= − ,

 

( )4 4
4 cos 105sinP ϑ ϑ= ,

( . [18]),  1Q̂ , ..., 4Q̂   :

( )1
ˆ d

Q
d kr

= ,
 

( ) ( )
2

2 2

1ˆ d d
Q

kr d krd kr
= − ,

 

( ) ( ) ( )
3 2

3 3 2

3 1ˆ d d d
Q

kr kr d krd kr d kr

 
= − − 

  
,

 

( ) ( ) ( ) ( )
4 3 2

4 4 3 2

3 5 1ˆ 2
d d d d

Q
kr kr kr d krd kr d kr d kr

   = − − −  
    

.
      

(3.10**)

   :

( ) ( ) ( )(1) (1) (1)
1 1

2 1
h h h

kr
kr kr krν ν ν

ν
+ −

+
= − ,

 ( ) ( )
( )

( ) ( ) ( ) ( )
1

1 1
1

dh kr
h kr h kr

d kr kr

ν
ν ν

ν
+= − ,

( . [3]),  ,  1Q̂ , ..., 4Q̂   
  , :

( ) ( ) ( ) ( )1 1
1 0 1Q̂ h kr h kr= − ,

 
( ) ( ) ( ) ( )1 1

2 0 2Q̂ h kr h kr= ,
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( ) ( ) ( ) ( )1 1
3 0 3Q̂ h kr h kr= − , ( ) ( ) ( ) ( )1 1

4 0 4Q̂ h kr h kr= .

 , , ,
m

nD µ ν   , ,
m

nD µ ν
∗   (3.10*) -

  ,  :

( ) ( ) ( ) ( ) ( )
1 1

1 11 1,0,0 1
0 1 111

1,0,11

ˆ cos
cos

ˆ sin

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

   Π  
=       Π    

,

( ) ( ) ( ) ( ) ( )
1 1

1 12 2,1,0 1
0 2 211

2,1,12

ˆ cos2
cos

ˆ sin3

D
h kr h kr P

D

ϕ
ϑ

ϕ∗

   Π  
= −       Π    

,

( ) ( ) ( ) ( ) ( ) ( )
( )

2 2
1 12 2,0,0 2
0 2 222

2,0,12

ˆ cos 21
cos

ˆ sin 23

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

     Π
=       Π    

,

( ) ( ) ( ) ( ) ( ) ( )
( )

2 2
1 13 3,1,0 2
0 3 32

3,1,13

ˆ cos 21
cos

ˆ sin 25 m

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

   Π  
= −       Π    

,

( ) ( ) ( ) ( ) ( ) ( )
( )

3 3
1 13 3,0,0 3
0 3 333

3,0,13

ˆ cos 31
cos

ˆ sin 315

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

   Π  
=       Π    

,

( ) ( ) ( ) ( ) ( ) ( )
( )

3 3
1 14 4,1,0 3
0 4 433

4,1,14

ˆ cos 34
cos

ˆ sin 3105

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

     Π
= −       Π    

,

( ) ( ) ( ) ( ) ( ) ( )
( )

4 4
1 14 4,0,0 4
0 4 444

4,0,14

ˆ cos 41
cos

ˆ sin 4105

D
h kr h kr P

D

ϕ
ϑ

ϕ∗∗

     Π
=       Π    

.

    -

    (  m n=   1m n= − ):
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( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

1 1, ,0
0

, ,1

ˆ cos1 2 !
cos

ˆ sin!

n mm mm

n n n m m

n nmm
n n mn

mDn
h kr h kr P

mDn m

ϕ
ϑ

ϕ

+
−
∗∗
−

   Π  −
=        +Π    

. (3.11)

, (3.7)  (3,9)-  :

( ) ( ) ( )
1

1, ,0
, , , , ,

1 1, ,1

1 cos sin cos
m n m m

mn mn n m

m n m n mm

n n m

D

D

α β
α α β

α β

ϑ ϑ ϕ
− + −+ +−

∗
= =−

 
= −  

 
∑ ∑ ,

 , ,m n αϑ   ,m βϕ     
(3.5) .

,    , ,0
m

n n mD −   

, ,1
m

n n mD ∗
−     . 

      -

. ,  , m n= ,  (3.5)  (1.9*)-  
 :

( ) ( )
1

1, ,0
, , ,

1 1, ,1

1 sin cos
m m

nn n m

n n nm

n n m
m n

D

D

α β
α β

α β

ϑ ϕ+ +−
∗

= =− =

 
= − =  

 
∑∑

( ) ( ) ( ) ( ), , 1
1 1

1 sin cos 1 cos
2 2

nn n
n n

n n n

nβ β
β β

β β

π ϕ ϕ −
= =

 = − = − = − 
 

∑ ∑ .

,  ,  1m n= − ,  -

:

( ) ( )
2 1 11, ,0

1, , 1, , 1,
1 1, ,1 1

1 cos sin cos
m n

nn n m

n n n n nm

n n m
m n

D

D

α β
α α β

α β

ϑ ϑ ϕ
− −+ +−

− − −∗
= =− = −

 
= − =  

 
∑∑

( ) ( ) ( ) ( )
1 11 1

1, ,1 1, ,1 1, ,2 1, ,2 1,
1

1 cos sin cos sin cos
n

nn n

n n n n n n n n n

β
β

β

ϑ ϑ ϑ ϑ ϕ
− −− −

− − − − −
=

 = − − =
 ∑

( ) ( )
1 11 1

1,
1

3 3
1 cos sin cos sin cos

4 4 4 4

n nn
n

n

β
β

β

π π π π ϕ
− −− −

−
=

    = − − =    
     

∑

( ) ( ) ( ) ( )

1 1

1,2 1 3 2 1
1

1 1
1 cos

2 2

n
n

nn n

nβ
β

β

ϕ
− −

−− −  =

−
= − = −∑ .
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    :

2

, ,0

, ,1 2

m

n n m

m an bmn cm dn e
n n m

D m

D

−
∗ + + + +
−

 
= −  

 
,

 a , b , c , d   e   .  
m n=   1m n= − ,  ,   

:

( ) ( ) ( )2 2 1
m n

an bmn cm dn e a b n c d n e n
=

+ + + + = + + + + ≡ − ,

( ) ( ) ( ) ( )2 2

1

3
3

2m n
an bmn cm dn e a b n c d b n e c n

= −
+ + + + = + + + − + − ≡ −

  ,    -

   : 

3
0,

2
1, 3, 1

a b c d b

c d e c e

 + = + − =

 + = − = − = −

.

  :

1

2
a = ,

 

1

2
b = − ,

 

2c = ,
 

1d = − ,
 

1e = −

 , :

( ) ( )2 21 1
2 1 1 1

2 2 2

n
an bmn cm dn e n mn m n m n m

 + + + + = − + − − = − + − − 
 

,   :

( ) ( ) ( )
, ,0

1 2 1
, ,1 2

m

n n m

m m n m n
n n m

D m

D

−
∗ − + − −  
−

 
= −  

 
.

  :
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( ) ( )
( ) ( ), 1 2 1

1 !

2 !

n m

n m n m n

n m
D

n m

+

− − −  

− +
= .

:

( ) ( )1

, ,0

, ,1 ,

1 ! 1

2 !

n mm

n n m

m m

n n m n m

D n m

D n D

+ +
−
∗
−

  − +
=  

 

 (3.11) , :
 

( ) ( ) ( ) ( ) ( ) ( )
( )

1 1
, 0

ˆ cos
cos

ˆ sin

m

n m

n m n nm

n

m
D h kr h kr P

m

ϕ
ϑ

ϕ∗

 Π  
− =    Π   

,

  , (3.6)-  :
 

( )
( ) ( ) ( ) ( ) ( ) ( )
11

1, 0

1 1 , , ,

1 cos cos
nn m m

n m m

n nn n

m n

D h kr
h kr P m

k r

α β

α β α β

ϑ ϕ
− +

+

= =

∂
− =

∂∑ ∑ � ,   (3.13)

 

( )
( ) ( ) ( ) ( ) ( ) ( )
11

1, 0

1 1 , , ,

1 cos sin
nn m m

n m m

n nn n

m n

D h kr
h kr P m

k r

α β

α β α β

ϑ ϕ
− +

+

∗
= =

∂
− =

∂∑ ∑ � .    (3.14)

,  ˆ m

nΠ   ˆ m

n

∗Π   (3.8)  (3.10) 
  ˆ

nL   ˆ
nL∗   (1.7) 

 (1.8)   .  
     

 ,     
.      
  . ,  

 , ˆ
nM   ˆ

nM ∗     -

    ,  
  . ,  -

 ,  ,   

(3.12)

(3.12*)
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  ,   -

  .
    -

:
 

( )
1 2

1

, ,
1 1

ˆ ˆ1
n m m

m m

n nY
α β

α β
α β

− +
+ +

= =

Ψ = −∑ ∑ ,

 ( )
1 2

1

, ,
1 1

ˆ ˆ1
n m m

m m

n nY
α β

α β
α β

− +
+ +∗ ∗

= =

Ψ = −∑ ∑ ,

  , ,
ˆm

nY α β   , ,
ˆm

nY α β
∗  , :

 ( )
, , 0

0 , , ,

1ˆ
!

n
m

n

m n

Y r
r

σ σ
σ

α β σ
σ α βσ=

− ∂
=

∂∑ � ,

 ( )
, , 0

0 , , ,

1ˆ
!

n
m

n

m n

Y r
r

σ σ
σ

α β σ
σ α βσ

∗
∗

=

− ∂
=

∂∑ � .

 0r   .    :

( ) ( ), , , ,
0 0, , ,

cos sinm n m n

m n

C C
r

σ σ µσ µ σ µµ ν
σ σ µ α ασ

µ να β

ϑ ϑ
−

−

−
= =

∂
= ×

∂ ∑∑�

( ) ( ), ,cos sinm m
x y z

σσ µ ν ν

β β σ µ ν ν µϕ ϕ
− −

− −

∂
×

∂ ∂ ∂
,

( ) ( ), , , ,
0 0, , ,

cos sinm n m n

m n

C C
r

σ σ µσ µ σ µµ ν
σ σ µ α ασ

µ να β

ϑ ϑ
−

−

−∗
= =

∂
= ×

∂ ∑∑�

( ) ( ), ,cos sinm m
x y z

σσ µ ν ν

β β σ µ ν ν µϕ ϕ
− −∗ ∗

− −

∂
×

∂ ∂ ∂
.

,   :

( ) ( ) ( )
1 2

1

, , , , , , ,
1 1

1 cos sin
n m m

m

n m n m nS
µ σ µα β

µ ν σ α α
α β

ϑ ϑ
− + −+ +

= =

= − ×∑ ∑

(3.15)

(3.16)

(3.17)

(3.18)
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 ( ) ( ), ,cos sinm m

σ µ ν ν

β βϕ ϕ
− −

× ,

( ) ( ) ( )
1 2

1

, , , , , , ,
1 1

1 cos sin
n m m

m

n m n m nS
µ σ µα β

µ ν σ α α
α β

ϑ ϑ
− + −+ +∗

= =

= − ×∑ ∑

 ( ) ( ), ,cos sinm m

σ µ ν ν

β βϕ ϕ
− −∗ ∗× ,

 :
 

( )
0 , , ,

0 0 0

1ˆ
!

n
m m

n nr C C S
x y z

σ σσ µσ
σ µ ν

σ σ µ µ ν σ σ µ ν ν µ
σ µ νσ

−

− − −
= = =

− ∂
Ψ =

∂ ∂ ∂∑ ∑∑ ,

 ( )
0 , , ,

0 0 0

1ˆ
!

n
m m

n nr C C S
x y z

σ σσ µσ
σ µ ν

σ σ µ µ ν σ σ µ ν ν µ
σ µ νσ

−
∗ ∗

− − −
= = =

− ∂
Ψ =

∂ ∂ ∂∑ ∑∑ .

 , (3.19)  (3.20)-  , 
m   n     (  

1m n= −   m n= ), :

1
1 0
ˆ 2r

x

∂
Ψ =

∂
,
 

2
1 2
2 0
ˆ 2r

x z

∂
Ψ = −

∂ ∂
,
 

2 2
2 2
2 0 2 2
ˆ r

x y

 ∂ ∂
Ψ = − − ∂ ∂ 

,

2 2
2 3
3 0 2 2

1ˆ
2

r
z x y

 ∂ ∂ ∂
Ψ = − ∂ ∂ ∂ 

, 
2 2

3 3
3 0 2 2

1ˆ 3
4

r
x x y

 ∂ ∂ ∂
Ψ = − ∂ ∂ ∂ 

,

2 2 2
3 4
4 0 2 2

1ˆ 3
8

r
x z x y

 ∂ ∂ ∂
Ψ = − − ∂ ∂ ∂ ∂ 

,
 4 4 4

4 4
4 0 4 2 2 4

1ˆ 6
24

r
x x y y

 ∂ ∂ ∂
Ψ = − − + ∂ ∂ ∂ ∂ 

,

1
1 0
ˆ 2r

y

∗ ∂
Ψ =

∂
,
 2

1 2
2 0
ˆ 2r

y z

∗ ∂
Ψ = −

∂ ∂
,
 2

2 2
2 0
ˆ 2r

x y

∗ ∂
Ψ = −

∂ ∂
,

3
2
3 0
ˆ 2r

x y z

∗ ∂
Ψ =

∂ ∂ ∂
,
 2 2

3 3
3 0 2 2

1ˆ 3
4

r
y x y

∗  ∂ ∂ ∂
Ψ = − ∂ ∂ ∂ 

,

(3.19)

(3.20)

(3.21)

(3.22)
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2 2 2
3 4
4 0 2 2

1ˆ 3
8

r
y z x y

∗  ∂ ∂ ∂
Ψ = − − ∂ ∂ ∂ ∂ 

,
 2 2 2

4 4
4 0 2 2

1ˆ
6

r
x y x y

∗  ∂ ∂ ∂
Ψ = − − ∂ ∂ ∂ ∂ 

.

ˆ m

nΠ   ˆ m

n

∗Π     
 , :

1 1
1 1

0 11
11

ˆ ˆ
2

ˆ ˆ
kr

∗∗

   Ψ Π
= −      ΠΨ   

,

 

( )
1 1

22 2
0 11

22

ˆ ˆ

ˆ ˆ
kr

∗∗

   Ψ Π
=      ΠΨ   

,

( )
2 2

22 2
0 22

22

ˆ ˆ

ˆ ˆ
kr

∗∗

   Ψ Π
=      ΠΨ   

,
 

( )
2 2

33 3
0 22

33

ˆ ˆ1
ˆ ˆ3

kr
∗∗

   Ψ Π
= −      ΠΨ   

,

( )
3 3

33 3
0 33

33

ˆ ˆ1
ˆ ˆ3

kr
∗∗

   Ψ Π
= −      ΠΨ   

,
 

( )
3 3

44 4
0 33

44

ˆ ˆ1
ˆ ˆ12

kr
∗∗

   Ψ Π
=      ΠΨ   

,

( )
4 4

44 4
0 44

44

ˆ ˆ1
ˆ ˆ12

kr
∗∗

   Ψ Π
=      ΠΨ   

.

 ,   :
 

( ) ( )0
ˆ ˆ2

1
ˆ ˆ!

m m
n nn n

mm

nn

kr
n ∗∗

   Ψ Π
= −      ΠΨ   

,

, (3.12*)-  , :

( )
( )

( ) ( ) ( ) ( ) ( ) ( )
( )

1

1 1,
0

0

ˆ cos1 !
cos

ˆ sin2

n m

nn m m

n nn m

n

mDn
h kr h kr P

mkr

ϕ
ϑ

ϕ

+

∗

 Ψ  −
=    Ψ   

,

  :

( )
( ) ( ) ( ) ( )11 2

, 0
0

1 1 0 , , ,0

1!
1

2 !

n m m n
nn m

n

m n

D h krn
r

rkr

σ σ
α β σ

σ
α β σ α βσ

− +
+ +

= = =

− ∂
− =

∂∑ ∑ ∑ �

(3.23)
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( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ= ,

( )
( ) ( ) ( ) ( )11 2

, 0
0

1 1 0 , , ,0

1!
1

2 !

n m m n
nn m

n

m n

D h krn
r

rkr

σ σ
α β σ

σ
α β σ α βσ

− +
+ +

∗
= = =

− ∂
− =

∂∑ ∑ ∑ �

 ( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ= .

   (1.25)  (1.26) 
  .  -

  ,      
  ( ) ( )1

0 0 , , ,m nh k r r r α β−
� �   ( ) ( )1

0 0 , , ,m nh k r r r α β
∗−

� �
 

   n -   . , 
 :

( )
( ) ( ) ( )

1 2
1,
0 0 , , ,

1 10

!
1

2

n m m
nn m

m nn

Dn
h k r r r

kr

α β
α β

α β

− +
+ +

= =

− − ≈∑ ∑ � �

 

( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ≈ ,

( )
( ) ( ) ( )

1 2
1,
0 0 , , ,

1 10

!
1

2

n m m
nn m

m nn

Dn
h k r r r

kr

α β
α β

α β

− +
+ + ∗

= =

− − ≈∑ ∑ � �

 
( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ≈ .

  ,n mD ,  (3.12) . , 
 0r r> .     -

 ,   ( )2 1m n m− +   
.    0r   -

, ,  -  0 , , ,m nr r α β
�   

0 , , ,m nr r α β
∗� .      

  .
. 18  (3.26)-     
  , n   m    

.    -

  . ,   -

(3.24)

(3.25)

(3.26)

(3.27)
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  .  ,   
     ( . 17 ),  

(3.26)   .

1, 1n m= = 2, 1n m= = 2, 2n m= =

. 18.    
     

§19.   .
     

  ,   -  
 1m n= −   m n= .  ,  1m n< − . -

   ,  3n =   1m = . -

  (3.1)   :

 ( ) ( ) ( ) ( ) ( )( )1 11 2
3 3 3

3
cos cos 5cos 1 sin cos

2
h kr P h krϑ ϕ ϑ ϑ ϕ= − − ,    (3.28)

 ( ) ( ) ( ) ( ) ( )( )1 11 2
3 3 3

3
cos sin 5cos 1 sin sin

2
h kr P h krϑ ϕ ϑ ϑ ϕ= − − .    (3.29)

 (3.8)  (3.9),  , -

:
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2 2
1
3 3 2 2

3 1ˆ 3
4 k x x z

 ∂ ∂ ∂
Π = − ∂ ∂ ∂ 

,
 2 2

1
3 3 2 2

3 1ˆ 3
4 k y y z

∗  ∂ ∂ ∂
Π = − ∂ ∂ ∂ 

,

       
kr   , ,  : 

( )1 2 2 2
3 3

3 ˆˆ sin cos sin cos 3cos
4

Qϑ ϕ ϑ ϕ ϑΠ = − ,

( )1 2 2 2
3 3

3 ˆˆ sin sin sin sin 3cos
4

Qϑ ϕ ϑ ϕ ϑ∗Π = − .

 , :

( ) ( ) ( ) ( )( )1 11 2 2 2
3 0 3

3ˆ 3cos sin cos sin cos
4

h kr h kr ϑ ϑ ϕ ϑ ϕΠ = − ,

( ) ( ) ( ) ( )( )1 11 2 2 2
3 0 3

3ˆ 3cos sin sin sin sin
4

h kr h kr ϑ ϑ ϕ ϑ ϕ∗Π = −

 ,     (3.28) 
 (3.29) .    

,  ,  1m n< −   -

,    , -

 (3.13), (3.14)  (3.24), (3.25) .
  ,  x , y   z  

  n    -

:
 

( ) , ,
0 0

, ,
nn

n

n nF x y z A x y z
µ

µ ν µ ν
µ ν

µ ν

−
− −

= =

= ∑∑ ,

 , ,nA µ ν   .  
  ,  n    -

  
n̂F    -

  ,    :

(3.30)
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 ( )
, ,

0 0

1ˆ
n nnn

n nn n
F A

k x y z

µ

µ ν µ ν µ ν
µ ν

−

− −
= =

− ∂
=

∂ ∂ ∂∑∑ .

  (3.28)  (3.29),  
   :

( ) ( ) ( )
( ) ( ) ( )
1

1 31 2 2
3 3 3

3
cos cos 5

2

h kr
h kr P x z r

r
ϑ ϕ  = − −  

,

( ) ( ) ( )
( ) ( ) ( )
1

1 31 2 2
3 3 3

3
cos sin 5

2

h kr
h kr P y z r

r
ϑ ϕ  = − −  

.

 ,     -

    :

( ) ( )2 2 2 2 2 23 3
5 5

2 2
x z r x z x y z − − = − − + + 

,

( ) ( )2 2 2 2 2 23 3
5 5

2 2
y z r y z x y z − − = − − + + 

.

  , (3.31)-  , -

:
 

2
1
3 3 2

3 1ˆ 5
2

F
k x z

 ∂ ∂
= − ∆ ∂ ∂ 

,

 
2

1
3 3 2

3 1ˆ 5
2

F
k y z

∗  ∂ ∂
= − ∆ ∂ ∂ 

.

 ∆   .    -

   kr   ,  
:

( ) ( )
2 2

1 2
3 3 33

53 3ˆ ˆˆ sin cos 5cos 1
2 2

x z r
F Q Q

r
ϑ ϕ ϑ

−
= = − ,

(3.31)

(3.32)

(3.33)
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( ) ( )
2 2

1 2
3 3 33

53 3ˆ ˆˆ sin sin 5cos 1
2 2

y z r
F Q Q

r
ϑ ϕ ϑ∗

−
= = − ,

 :
 

( ) ( ) ( ) ( ) ( )
1

1 13 1
0 3 31

3

ˆ cos
cos

ˆ sin

F
h kr h kr P

F

ϕ
ϑ

ϕ∗

   
=       

.

,  3n =   1m = ,  (3.1)  
 1
3̂F   1

3̂F ∗  .

§20.      
.     . 

 

,     (3.2) 
   :

( ) ( ) ( ) ( ) ( ) ( )1 2
!

1 2 sin
!

cos cos
n

m m mm n

n n
m

n

nP
m

C C
β

β
β

ββϑ
β

ϑ ϑ −

+ −
=

= −
−∑ ,

( . [18]),  ( ) 21
n

n
C β+ −    -

.   :
 

( )
( ) ( )

1

0
,

1

!

1 2

! 2

m n n

n

j

m

n

n
j

m
βω

β
β

β

−

=

− + − − −  
=

− ∏ ,

     :
 

( ) ( ) ( ),cos sin cos
n

m mm

nn

m

mP β
β

β

ϑ ϑ ω ϑ −

=

= ∑ .

   ,   
  : 

(3.34)

(3.35)

(3.36)
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( ) ( ) ( ) ( )
0

cos cos sin cos
2

m
m

mm C m
α αα

α

πϕ ϕ ϕ α−

=

 = −  
∑ ,

 ( ) ( ) ( ) ( )
0

sin cos sin sin
2

m
m

mm C m
α αα

α

πϕ ϕ ϕ α−

=

 = −  
∑ .

   ( ) ( )cos cosm m

nr P mϑ ϕ   
( ) ( )cos sinm m

nr P mϑ ϕ ,    -

     . (3.36)-(3.38) 
 ,    

  , :
 

( ) ( ) ( ) ,
0

cos cos
2

cos
n

m m m

n

m

m
n m n

m nr m C m rP x y zα β
β

α

α α β

β

πϕ α ωϑ −−

==

− = −  
∑∑ ,  (3.39)

 ( ) ( ) ( ) ,
0

sin sin
2

cos
n

m m m

n

m

m
n m n

m nr m C m rP x y zα β
β

α

α α β

β

πϕ α ωϑ −−

==

− = −  
∑∑     (3.40)

 ,     n  

  .   -

   [19].
 ,     ,

m

n βω  -

,  n β−   ,  . 
,  2 1n pβ− = + ,  0,1,...p = .  -

 (3.35)-  :

( )
( ) ( ) ( )

2 1

,

2

2 1
0

1 2
0

2 1 !!

m p p

p

j

m p j
p m

β β

ββ βω
β

+ + +

+ +
=

−
= + − =

+ − ∏ ,

  j   0 -  2pβ + -    
j pβ= + ,     .

 ,  (3.39)  (3.40) -

       , 
  r -   .  :

( ) ( )cos cosm

n

nr mP ϑ ϕ =

(3.37)

(3.38)
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( ) 2
, 2

0

2

0

cos
2

n mm
m

m n n

m n mC m zrx yα β
β

α

λ
α α β

β

π α ω
−

− −
−

−

==

 = −  
∑∑ ,

( ) ( )cos sinm

n

nr mP ϑ ϕ =

( ) 2
, 2

0

2

0

sin
2

n mm
m

m n n

m n mC m zrx yα β
β

α

λ
α α β

β

π α ω
−

− −
−

−

==

 = −  
∑∑ ,

    n mλ −   (1.6) -

.        
. ,      

   .   .  
  ,  mγ α= −   -

, :

( )
!

! !
m

m m m

m
C C C

m

α γ γ

γ γ
−= = =

−
,

  :

( )
0 0

cos cos
2 2

m
m

m

m
m

mC x y x ym Cαα γα γ γ

α γ

π γπα
=

− −

=

   − =      
∑ ∑ ,

( )
0 0

sin sin
2 2

m
m

m

m
m

mC x y x ym Cαα γα γ γ

α γ

π γπα
=

− −

=

   − =      
∑ ∑ .

    ,  
   ,  , -

:

cos 0
2

γπ  ≠ 
 

,
 

sin 0
2

γπ  ≠ 
 

.

    :

,
0

cos
2

m

mb γ
γ

γπ
=

 
 
 

∑ ,
 

,
0

sin
2

m

mb γ
γ

γπ
=

 
 
 

∑ ,
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 ,mb γ   .  m -  -

 , ,    
 :

( ), ,2
0 0

cos 1
2

mm

m mb b
λ

γ
γ γ

γ γ

γπ
= =

  = − 
 

∑ ∑ , ( )
1

1

, ,2 1
0 1

sin 1
2

mm

m mb b
λ

γ
γ γ

γ γ

γπ + +
−

= =

  = − 
 

∑ ∑ .

 :

,
m

m m x yb Cγ γ
γ

γ−=

  :

( ) ( ) 2

0

2 2

0

cos 1
2

mm
m

m m

mx y xC ym C
λ

γα γα α

γ

γ γ

α

π α −

= =

− − = −  
∑ ∑ ,

( ) ( )
1

1 2 1 2 1 2 1

0 1

sin 1
2

mm

m m

m mx y x yC m C
λ

γα γ γ γ

α γ

α απ α
+ + − + −

= =

− − − = −  
∑ ∑ .

  (     , -

 α ), :
 ( ) ( )cos cosm

n

nr mP ϑ ϕ =

 ( ) 2 2
,

2 2 2
2

0 0

1
n mm

m

m n n

m n mx yC r z
λ

α α α α β
λ

β

β
β

α

ω
−

− − −

=
−

=

= −∑ ∑

( ) ( )cos sinm

n

nr mP ϑ ϕ =

 ( )
1

1 2 1 2 1 2 1 2
, 2

2

01

1
m n m

m n mm

m n nC rx y z
λ

α α α α
λ

α

ββ
β

β

ω
+ −+ − +− −−

−
−

==

= −∑ ∑ .

     
(3.31)-  . ,    

     :

2 2
2 2

m
m

m
x y

x y

α α
α α

−
−

∂
→

∂ ∂
,
 

2 1 2 1
2 1 2 1

m
m

m
x y

x y

α α
α α

− + −
− + −

∂
→

∂ ∂
,

(3.41)

(3.42)
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2
2

2

n m
n m

n m
z

z

β
β

β

− −
− −

− −

∂
→

∂
, ( ) ( )2 2 2 2r x y z

β ββ = + + → ∆ .

 ,    :

( ) ( ) ( )2
, 2

2

2 2 2
00

1ˆ 1
m n mm n m

m n m

n

m m

n m n nn
F C

k x y z

λλ
α βα

β
α

β

α α β
β

ω
−

−

−

− −
==

−

−

−
= ∆

∂
∂

−
∂

∂ ∂∑ ∑ ,

( ) ( ) ( )
1

1 2 1
2

2 1 2 ,1
1 0

2 2

1ˆ 1
n mm mn n m

m m

n m mnn m nn
x y z

F C
k

λ β

α α β
β

λ
α βα

β
α

ω
+ −+∗ −

−
=

− −

− + − − −
=

∂ ∂
∂ ∂

= ∆
∂

−
−∑ ∑ .

,  (1.7)  (1.8)-  :

( ) ( ) 2
2 2

0

1 ˆ1
m

m m

m mm m
C L

k x y

λ
α α

α α
α

−
=

− ∂
− =

∂ ∂∑ ,

( ) ( )
1

1 2 1 *
2 1 2 1

1

1 ˆ1
m

m m

m mm m
C L

k x y

λ
α α

α α
α

+ + −
− + −

=

− ∂
− =

∂ ∂∑ .

  :

( ) ( )
2

, 2 2
0

1ˆ ˆ
n m nn m

m m

n m n nn m

m

n m
F L

k z

λ β
β

ββ
β

ω
− − −

− −
=

−

−−

 ∂
∂

−
= ∆ 

 
∑ ,

( ) ( )*
, 2

2

2
0

1ˆ ˆ
n m

n m

m m

n m n n

m

mm

n

nn
F L

k z

β
λ β

ββ
β

ω
−

−
∗

−

− −

− −−
=

∂ −
= ∆ 

 ∂ 
∑ .

    ˆ m

nF   ˆ m

nF ∗  -

  ( ) ( )1
0h kr .    -

 :

( ) ( ) ( )12
0 0k h kr∆ + = ,

  ( )β∆   , :
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( ) ( ) 21 k
β β β∆ = −

   :

( ) ( ) 2
, 2

2

2
0

1ˆ ˆ 1
n m

n m

m m
n m

n m nm n mnn
F

z
L k

k

β β
β

λ β

β
β

ω
− − −

− −
=

−

−−

 ∂
 ∂

−


−
=


∑ ,

 ( ) ( )
2

2
* 2

, 2
0

1ˆ ˆ 1
n m

n m

m m

n m n nn m

n m

n m
F L k

zk

β β
β

λ β

β
β

ω
−

−
∗

−−

− −

− −
=

−  ∂
 ∂

= −


∑ .

  ,  4n =   1m = . -

 (3.43)  (3.44) :

2 2
1
4

2
4 2

5ˆ 7 3
2

1
F

x z z
k

k
= −

 ∂ ∂
 ∂ ∂ ∂ 

+ ,
 

2 2
1
4

2
4 2

5

2

1ˆ 7 3F
y zk z

k∗ =
 ∂ ∂

+ ∂ ∂ ∂ 
− .

  1
4̂F   1

4̂F ∗    -

 kr   ,  :

( ) ( )1 2
4

2 2

4 44

5 5ˆ sin cos cos 7cos 3
2 2

7 3
ˆ ˆ

xz z r
Q Q

r
F ϑ ϑ ϕ ϑ −

−
= − = − ,

( ) ( )1 2
4

2 2

4 44

5 5ˆ sin cos sin 7cos
2

ˆ3
2

7 3
ˆ

yz z r
Q Q

r
F ϑ ϑ ϕ ϑ∗ −

−
= − = − ,

  4Q̂   (3.10**) -

. ,  :

( ) ( ) ( ) ( ) ( )1 1
0 4

1
4 1

41
4

ˆ
co

cos

s n
s

ˆ i
h kr h k

F
r

F
P ϑ

ϕ
ϕ∗

   
       

= .

 3n = , 1m =   4n = , 1m =    
  ,     

:

(3.43)

(3.44)
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( ) ( ) ( ) ( ) ( ) ( )

( )
1 1
0

ˆ
cos

cos

sinˆ

m

n m

n nm

n

m
h kr h kr P

m

F

F

ϕ
ϕ

ϑ
∗

   
     

=
 
,

  ,  :

( ) ( ) ( )
( ) ( )2 2

, 22 2
0

12
0
2

0

1
1 1

nm m
n m

n m

n m
m

m n nn m
C k

k x

h kr

y z

λ
α βα β

β

βλ

α
α

βα
β

ω
− − −

− −
=

−−
=

∂− ∂
− − =

∂ ∂ ∂∑∑

 
( ) ( ) ( ) ( )1 cos cosn

m

nPh kr mϑ ϕ= ,

( ) ( ) ( )
( ) ( )1

1 2 1 2
,

1

22 1
0

0
2

2

1
21

1
1 1

n mm
n m

n

n m
m

m n nn m m
C k

h kr

zk x y

βλ

β

λ
α βα β

βα α
α β

ω
−+ + −

− −

−− + −
=

− −
=

− ∂
− −

∂
∂ ∂

=
∂∑ ∑

 
( ) ( ) ( ) ( )1 cos sinn

m

nPh kr mϑ ϕ= .

 ,   0m = ,  (3.46) -

        
 .     , 
:

 

( ) ( )
( ) ( ) ( ) ( ) ( )
1

10
, 2 2

2
0
2

0

c1 1 o
1

s
n

n

n n n n

n

n n

h k
h

k

r
k P

z
r

β
β

β β

λ

β
β

ω ϑ
−

−
=

− −− =−
∂

∂∑ .

,   :
 

( ) ( )20
, 21

2

n

n n

n n n

C Cβ
β β

βω −
−− = ,

 :

( )
( )

( ) ( ) ( ) ( ) ( )
1

2
0

2
0 1

2

2 c
1

os
1

2

n
n

n

nn nn

n

n nn

h
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(3.53)



83

,       
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0
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 ( ) ( ) ( ) ( )1 cos sinn

m

nPh kr mϑ ϕ≈ ,

   :
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, , 2 2 21
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α α β
+ + + +
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. 19.  ,  
  (3.1) 

,  ( ) ( ) ( ) ( )1 cos cosm

nnh kr mP ϑ ϕ ,  -

,  -  , , ,
, ,

n m

p q sR α β
�

. 

1,..., mα λ= ,
 

0,..., n mβ λ −= ,
 

0,..., 2p m α= − ,

(3.57)
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0,..., 2q α= , 0,..., 2ms n β= − − .

,  ( ) ( ) ( ) ( )1 cos sinm

nnh kr mP ϑ ϕ   -

,  -  , , ,
, ,

n m

p q sR α β ∗
�

, 

11,..., mα λ += , 0,..., n mβ λ −= , 0,..., 2 1p m α= − + ,

0,..., 2 1q α= − ,
 

0,..., 2ms n β= − − .

 ,   3n = , 
1m = ; 4n = , 1m =   4n = , 2m = ,  . 19- .

§22.     
 

 (3.1)     -
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:
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m n m n m n m nr
β β

α β α α α
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ϑ ϑ ϑ
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:
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 .

§23.     
 

     
 [2],   0r    0S   

 ( 0r r> ),   :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 0

0

2 1 cosh k r r j kr h kr Pν ν ν
ν

ν γ
∞

=

− = +∑� �
.

 0r
�   0S     -

- , r
�     - , γ  

  r
�   0r

�   :

(3.61)

(3.62)
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( )0 0 0cos sin sin cos cos cosγ ϑ ϑ ϕ ϕ ϑ ϑ= − + .

,  (3.62)    -

 .      
 0S   .   :
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0

1 12
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S
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:
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(3.63)

(3.64)
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    :
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� �
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∫∫� .

, ,n mYν   , :

( ) ( ) ( )
( )

2
02

, , 0 0 0 0 0 0
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   -
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( ) ( ) ( ) ( ) ( )
( )

1
0

cos
cos

sin
m

n n n

m
j kr h kr P

m

ϕ
ϑ

ϕ
 

≈  
 

.

  ,  m n≤     
 .  ,   ,  

  M -   N - . ,  (3.76) 
 (3.77)     -

. ,     -

.
 (3.76)-     -

,     -

   . (3.77)-   
   ,    -

   . , 
   ,  ( ),II m

nL r
�   

( ), ,
,

III m M

n NL r
� , :

( ) ( ) ( )
( ) ( )

( )
0,

2 2 1
0

!1

2

nII m

n nn m n

n m j kr
L r

m kr
− − −  

+
= ×

�

 

( ) ( )
1 2

, , ,1
0 0

1 1 , , ,

1
n m m

m m n

m n

r
h k r r

r

α β α β

α β α β

− +
+ +

∗
= =

  
× − −     

∑ ∑
�

�
�

:

( ), ,
, 2

III m M

n NL r
MN

π
= ×

�

 

( ) ( )
( )
( )

,, , ,1
0 0 , ,

1 1 , , , ,

cos
cos sin

sin

N M
MM N m

n N N

M N M

mr
h k r r P

r m

βα β
α α

α β α β β

ϕ
ϑ ϑ

ϕ
∗ ∗

= =

     × −         
∑∑

�
�

� .

 (3.79)   2M m=   
1N n m= − + . ,  (3.71)-(3.73)- , (3.3)-(3.5)-  

, :

(3.77)

(3.78)

(3.79)
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( )
( ), , ,1

2 1

2 1N m nN n m n m
α α

π α
ϑ ϑ

= − +

−
= =

− + ,

( )2

, ,1
M m

M m
m

β β
πϕ β ϕ

=
= − = , 

2

, ,

1

2

M m

M m
m

β β
πϕ β ϕ

=∗ ∗ = − = 
 

,

2

, , , , , ,1

M m

M N m nN n m
r rα β α β

=

= − +
=

� �
, 

2

, , , , , ,1

M m

M N m nN n m
r rα β α β

=∗ ∗

= − +
=

� �
,

( ) ( ) ( ) ( ) ( )22 1

, , , ,cos sin cos sin 1
M mM m

M M m mm m m m
β

β β β βϕ ϕ ϕ ϕ
== +∗ ∗= = = = −

  :

( ) ( )
2, ,

, 1 4 1

M m
III m M

n N N n m
L r

m n m

π=

= − +
= ×

− +
�

 ( ) ( ) ( )
1 2

1 , , ,1
0 0 , , , ,

1 1 , , ,

1 cos sin
n m m

m n m

n m n m n

m n

r
h k r r P

r

β α β
α α

α β α β

ϑ ϑ
− +

+
∗

= =

  
× − −     

∑ ∑
�

�
� .  (3.79*)

 ,   m n= ,  1α =   -

:

( ) ( )1

, , , , , ,1 , ,1cos sin cos sinm n

n m n m n n n n n n
m n

P P
α

α αϑ ϑ ϑ ϑ
=

=
= =

( ) ( ) ( )
( )1

1 2 1 !
cos sin 0
2 2 2 1 !

n

n n

n n n

n
P P

n

π π
−

− − = = =  − 
.

    :

( ) ( ) ( ) ( ) 221 2 1 !! 1
nnn

nP x n x= − − − ,
 

( ) ( )
( )1

2 1 !
2 1 !!

2 1 !n

n
n

n−

−
− =

−
.

 ,     1m n= − ,  α  

    (1  2).  1α = , -

:

( ) ( )1
1

, , , , 1, ,1 1, ,11
cos sin cos sinm n

n m n m n n n n n n
m n

P P
α

α αϑ ϑ ϑ ϑ
= −

− −= −
= =
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( )
( )

( )
( )

1

1 1 1
1 3 1 2

1 2 1 !1 1 2 1 1
cos sin
4 4 2 1 !2 2 2 2

n

n n n

n n n n

nn
P P P

n

π π
−

− − −
− −

− −−    = = = =      −     

  2α = , :

( ) ( )2
1

, , , , 1, ,2 1, ,21
cos sin cos sinm n

n m n m n n n n n n
m n

P P
α

α αϑ ϑ ϑ ϑ
= −

− −= −
= =

1 13 3
cos sin cos sin

4 4 4 4
n n

n nP P
π π π π− −   = = − =   

   

( )
( )

( )
( )

1

3 1 2

1 2 1 !1 1

1 !2 2 2

n

n

n n

n
P

n

−
−

− − = − =  − 
.

      -

: 

( ) ( ) ( )1 1
12 1n n

n nP x x n P x− −
−= − ,

 ( ) ( ) ( )1
n mm m

n nP x P x
+− = − .

   , ,   -

 -   m n=   1m n= − ,    
 :

( ) ( )
( ) ( )

( )
( )

1

, , , , 1 1 2

1 2 1 !
cos sin

1 !2

m

m

n m n m n n n m n

n
P

n

α

α αϑ ϑ
+ −

− + − +  

− −
=

−

 ,  (3.79*)   :

( )
( ) ( )

( ) ( )
( )

( )( )
2, ,

, 1 1 21
1

2 1 !

1 1 !2

M m
III m M

n N n n m nN n m
m n m n

n
L r

m n m n

π=

+ + − + = − +  
= ∨ = −

−
= ×

− + −
�

 

( ) ( )
1 2

, , ,1
0 0

1 1 , , ,

1
n m m

m m n

m n

r
h k r r

r

α β α β

α β α β

− +
+ +

∗
= =

  
× − −     

∑ ∑
�

�
� .

  (3.78). , 0kr   
 ,    ( )0nj kr -  -

  :

(3.80)
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( ) ( ) ( )0 0

!
2

2 1 !
nn

n

n
j kr kr

n
≈

+
,

( . [20]).  :

( ) ( ) ( )
( )

( )
,

2 2 1

!1 !

2 1 !2

II m

n n n m n

n m n
L r

m n− − − −  

+
≈ ×

+
�

 

( ) ( )
1 2

, , ,1
0 0

1 1 , , ,

1
n m m

m m n

m n

r
h k r r

r

α β α β

α β α β

− +
+ +

∗
= =

  
× − −     

∑ ∑
�

�
� ,

 (3.80)  (3.81)  , -

,        -

 .   ,  m n=  

 1m n= − ,   :

( )
( )2
2 1 !

4 !
n

n

n

π + ,

 

( )
( )2
2 1 ! 2

4 2!
n n

n n

n

π + .

 ,  (3.77)-    -

  (3.76)-   ,  2M m= , 
1N n m= − +   m n=   1m n= − .  ,  -

  (3.77),  ,  -

     .   , 
 N -       

( 1N =   2N = )   , N -   M -    
. ,  m n=   1m n= − ,  

(3.76)-   ,   -

.

(3.81)
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 IV
    

 

   , -

 -      . -

     , 
     

   .
    , 

    . -

    1n +   -

  ,   ,  
  .    -

    .
    

     -

 .    -

,   ,   
,   .

§25.    
 

  ,  n     
      

,   1n +   :
 

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 cos
2

n

n n n n

n
A h k r h kr P

α
α

α

α δ τ γ
=

  − − − ≈  
  

∑ � � .

 τ�   ,   -

 . γ    τ�    
  r

�
 -  .   

(4.1)
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nδ      . ,nA α  

   , :
 

( )
( ) ( )

( )
( ) ( )

2

22
0

,

2

22
0

1
, 0,..., 1

2

1
, ,...,

2

m n

m nm n m

n n m n nn mn
m

n m n
n

m nm n m

n n m n nn mn
m

C C C k n

A

C C C k n n

α
α

α
α

α

δ α λ

δ α λ

+
−−

−−
=

+−
−−

−−
=

 −
= − −

= 
−

= −


∑

∑
.    (4.2)

 (4.1)    
 (2.9),   -

      -

. 
 ,      -

 .      
(3.62):

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 0

0

2 1 cosm m m

m

h k r r m j kr h kr P γ
∞

=

− = +∑� �
,

 ,  0r r>   0 0r r τ=
� �

. ,   
 0kr   :

 

0 2

n
kr ≤ ,

     -

  1n +  ,  :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 0

0

2 1 cos
n

m m m

m

h k r r m j kr h kr P γ
=

− ≈ +∑� �
.

,  (4.4)    -

 r   ,  n -   .
      

      
, n -     (  

II).  , 9% -    (  

(4.3)

(4.4)
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  )     0r
�

, 
   n . ,  ,   -

  (4.3),   ,  0r r> ,   
  (4.4):

 II.   . kr
0
=n/2

 τ�     -

 1n +   ,   -

   .   
   ,  nδ .  -

 -   :

, 2n n

n
r α α δ τ = − 

 
� �

,
 

0,...,nα = .

,   n   ,  α -   
, , 0nr α ≠
� ;  n   ,  

, , 22
0n n nn

r rα α =
= =

� �
     -

 .    nl   -

 :

, ,0n n n n nl r r nδ= − =
� �

.

  nδ  ,   :
 1nkδ = .

 ,nr α
�     :

 

, 2n

n
k r α ≤
� ,

   ,   0α =   nα =  

(  ).

(4.5)

(4.6)



101

,  n   ,  (4.6)  -

,  ,nr α
�   ( 0,...,nα = ),  -

 (4.4) :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 , , ,

0

2 1 cos
n

n m n m m n

m

h k r r m j k r h kr Pα α αγ
=

− ≈ +∑� � �
,

 ,n αγ    ,nr α
�   r

�   . 
, :

 

2 2
nkl n

kr > = .

 n   ,  , 0nr α =
�

,  2nα =   -

 ,n αγ   . ,  (4.7)  
  . :

( ) ( ) ( ) ( ) ( )1 1
0 , 0 , 0

2 2
n n

n n
h k r r j k r h krα α

α α≠ ≠
− ≈ +
� � �

 ( ) ( ) ( ) ( ) ( )1
, ,

21

2 1 cos
n

m n m n m
n

m

m j k r P h krα α
α

γ
≠=

+ +∑ �
.

     .  , 
 2nα = , :

 
( ) ( ) ( ) ( )1 1
0 , 0

2
n

n
h k r r h krα

α =
− =
� � .

    :

( ) ( ) ( )1
, 0 ,

0

1
n

n nB h k r r
α

α α
α =

− −∑ � �
,

 ,nB α   .  n  ,  (4.7) 
  :

( ) ( ) ( )1
, 0 ,

0

1
n

n nB h k r r
α

α α
α =

− − ≈∑ � �

 

( ) ( ) ( ) ( ) ( ) ( )1
, , ,

0 0

1 cos 2 1
n n

n m n m n m

m

B j k r P m h kr
α

α α α
α

γ
= =

 ≈ − +  
∑ ∑ � .

(4.7)

(4.7*)

(4.8)

(4.9)

(4.10)
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 n  ,  , :

( ) ( ) ( ) ( ) ( ) ( )21 1
, 0 , , 2 0 , 2

0

1 1
n

n

n n n n n nB h k r r B h k r r
α

α α
α =

− − = − − +∑ � � � �

( ) ( ) ( )1
, 0 ,

0

2

1
n

n n

n

B h k r r
α

α α
α

α
=

≠

+ − −∑ � � ,

 (4.8)  (4.9)   :

( ) ( ) ( )1
, 0 ,

0

1
n

n nB h k r r
α

α α
α =

− − ≈∑ � �

( ) ( ) ( ) ( ) ( )2 1
, 2 , 0 , 0

0

2

1 1
n

n

n n n n

n

B B j k r h kr
α

α α
α

α
=

≠

 
 ≈ − + − + 
  

∑ �

 

( ) ( ) ( ) ( ) ( ) ( )1
, , ,

01
2

1 cos 2 1
n n

n m n m n m

m

n

B j k r P m h kr
α

α α α
α

α

γ
==

≠

 
 + − + 
  

∑ ∑ �
.

 (4.10)    
    :

( ) ( ) ( ) ( ) ( ) ( )
( )1 2

, , , , , ,
0 0

1 cos 1 cos
nn

n m n m n n m n m nB j k r P B j k r P
α α

α α α α α α
α α

γ γ
−

= =

− = − −∑ ∑� �

 ( ) ( ), , ,cosn n m n n m n nB j k r Pα α αγ− − −
− 

�
.

, (4.11)    
   , :

( ) ( ), 0 ,
0

2

1
n

n n

n

B j k r
α

α α
α

α
=

≠

− =∑ �

(4.11)

(4.12)
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( ) ( ) ( )
( )2 1

, 0 , , 0 ,
0

1
n

n n n n n nB j k r B j k r
α

α α α α
α

−

− −
=

 = − + ∑ � �
,

( ) ( ) ( ) ( ) ( ) ( )
( )2 1

, , , , , ,
0 0
2

1 cos 1 cos
nn

n m n m n n m n m n

n

B j k r P B j k r P
α α

α α α α α α
α α

α

γ γ
−

= =
≠

− = − +∑ ∑� �

 ( ) ( ), , ,cosn n m n n m n nB j k r Pα α αγ− − −
+ 

�
.

   ,   n   
    ( )0,..., 1 2nα = − ,  ( )0,..., 2 1nα = − , 

  :
 

, ,n n nr rα α− =
� � .

 , ,n nr α−
�    τ�   , 

 ,nr α
�  -  .   :

,n n αγ γ− = ,
 

,n αγ π γ= − ,

:
 ( ) ( ),cos cosm n n mP Pαγ γ− = ,

 ( ) ( ) ( ) ( ),cos cos 1 cos
m

m n m mP P Pαγ γ γ= − = − .

    -  -

  [12].
(4.15)-(4.17)-  ,  (4.12)-

(4.14)   :

( ) ( ) ( ), , ,
0

1 cos
n

n m n m nB j k r P
α

α α α
α

γ
=

− =∑ �

( ) ( ) ( ) ( )
( )1 2

, , ,
0

1 1 cos
n

m

n n n m n mB B j k r P
α

α α α
α

γ
−

−
=

 = − − − ∑ �
,

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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( ) ( ) ( ) ( ) ( )
( )2 1

, 0 , , , 0 ,
0 0
2

1 1
nn

n n n n n n

n

B j k r B B j k r
α α

α α α α α
α α

α

−

−
= =

≠

− = − +∑ ∑� �
,

( ) ( ) ( ), , ,
0

2

1 cos
n

n m n m n

n

B j k r P
α

α α α
α

α

γ
=

≠

− =∑ �

( ) ( ) ( ) ( )
( )2 1

, , ,
0

1 1 cos
n

m

n n n m n mB B j k r P
α

α α α
α

γ
−

−
=

 = − − + ∑ � .

      
(4.10)  (4.11). ,  n  , :

( ) ( ) ( )1
, 0 ,

0

1
n

n nB h k r r
α

α α
α =

− − ≈∑ � �

( ) ( ) ( )
( )1 2

, , ,
0 0

1 1
nn

m

n n n m n

m

B B j k r
α

α α α
α

−

−
= =

   ≈ − − − ×    
∑ ∑ �

 ( ) ( ) ( ) ( )12 1 cosm mm h kr P γ× +

  n  , :

( ) ( ) ( )1
, 0 ,

0

1
n

n nB h k r r
α

α α
α =

− − ≈∑ � �

( ) ( ) ( ) ( )
( )

( ) ( )
2 1

2 1
, 2 , , 0 , 0

0

1 1
n

n

n n n n n nB B B j k r h kr
α

α α α
α

−

−
=

 
≈ − + − + + 

 
∑ �

( ) ( ) ( )
( )2 1

, , ,
1 0

1 1
nn

m

n n n m n

m

B B j k r
α

α α α
α

−

−
= =

   + − − + ×    
∑ ∑ �

 ( ) ( ) ( ) ( )12 1 cosm mm h kr P γ× + .

(4.18)

(4.19)
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  , ,nB α   . 
,  n -   ,  -

 :
 

( ) ( ) ( )
( )1 2

, , , ,
0

1
1 1

2 1

n
m

n n n m n m nB B j k r
n

α
α α α

α

δ
−

−
=

 − − − =  +∑ � ,

 0,...,m n=   ,m nδ    . 
 ,  n -   -

  :
 

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

2 1
2

, 2 , , 0 ,
0

2 1

, , , ,
0

1 1 0

1
1 1

2 1

n
n

n n n n n n

n
m

n n n m n m n

B B B j k r

B B j k r
n

α
α α α

α

α
α α α

α

δ

−

−
=

−

−
=


− + − + =



  − − + =   +

∑

∑

�

�
,

 1,2,...,m n= .  (4.18)  (4.19) ,  
 , n -    ( 1,2,...n = )   

   :

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
, 0 , ,

0 0

1
1 2 1 cos

2 1

n n

n n m n m m

m

B h k r r m h kr P
n

α
α α

α

δ γ
= =

− − ≈ +
+∑ ∑� �

,

  :
 

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 cos
2

n

n n n n

n
B h k r h kr P

α
α

α

α δ τ γ
=

  − − − ≈  
  

∑ � � ,

 (4.1)  .   
,      _ ,nB α , 

  (4.20)  (4.21) .
,  (4.20)  ( ,  (4.21)), 

  ,nB α     
  .  , 

   ,   -

 1n + - .

(4.20)

(4.21)

(4.22)
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, ,nr α
�  -   -

  ( )1
0h    , -

 ,nB α ,    -

 (2.32)  (2.33),   ,   
 ( ) ( ) ( )1 cosn nh kr P γ .   , (4.5)  

,  :

n n

n
l n

k
δ= =

 (4.7*)  , , :
 

2 2
nl n

r
k

> = .

 nδ       , 
   1nkδ < ,  (4.22)  -

 .   ,  1n kδ =  

 nl n k=   nδ    nl    
 ,     -

 .

§26.    

 ,   ,nB α  -

    (4.20)  (4.21),  
 n -  - .   -

     -

 .
  ,  n     -

  (4.20).  0,...,m n= ,    1n +  

  .   , -

 m  ,   ( )1 2n + .  -

  β  ,  ( )0,..., 1 2nβ = − ,  -

    :

(4.22*)
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( ) ( )( )
( )1 2

2 , , ,
0

1 0
n

n n n nj k r B B
α

β α α α
α

−

−
=

− − =∑ �
,

  :
 

( ) ( )( )
( )

( ) ( )( )
( )

( ) ( )( )
( )

1 2

0 , , ,
0

1 2

2 , , ,
0

1 2

1 , , ,
0

1 0

1 0

1 0

n

n n n n

n

n n n n

n

n n n n n

j k r B B

j k r B B

j k r B B

α
α α α

α

α
α α α

α

α
α α α

α

−

−
=

−

−
=

−

− −
=


− − =



 − − =

− − − − − − − − − − − − − − − − − − − − −


− − =


∑

∑

∑

�

�

�

.

 ,   ( )1 2n +  -

      
, ,n n nB Bα α−−   .     

 ,   ,     -

 . :
 

, ,n n nB Bα α− = ,
 1

0,...,
2

nα −
= .

 (4.20)   , m  

      ( )1 2n + - . -

 β   ,    -

 :

( ) ( )( )
( )

( )

1 2

2 1 , , , , 1 2
0

1
1

2 1

n

n n n n n
j k r B B

n

α
β α α α β

α

δ
−

+ − −
=

− + = −
+∑ �

,

 (4.25)-  :
 

( ) ( )
( )

( ) ( )

1 2

2 1 , , , 1 2
0

1
1

2 2 1

n

n n n
j k r B

n

α
β α α β

α

δ
−

+ −
=

− = −
+∑ � .

(4.23)

(4.24)

(4.25)

(4.26)
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 ,  (4.26)  :
 

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

( )

1 2

1 , ,
0

1 2

3 , ,
0

1 2

, ,
0

1 0

1 0

1
1

2 2 1

n

n n

n

n n

n

n n n

j k r B

j k r B

j k r B
n

α
α α

α

α
α α

α

α
α α

α

−

=

−

=

−

=


− =



 − =

− − − − − − − − − − − − − − − −



− = − +

∑

∑

∑

�

�

�

.

     
( )1 2n + ,   (4.20)    

.  , ,   

. , ,nB α    -

   ( )1 2n +  . -

    (4.25) -

.
  (4.21) ,  ,  n  

 .     :
 

( ) ( ) ( ) ( )
( )2 1

2

, 2 , , 0 ,
0

1 1 0
n

n

n n n n n nB B B j k r
α

α α α
α

−

−
=

− + − + =∑ �
.

 n  , -   -

,  m     m  -

. :
 

( ) ( )( )
( )2 1

2 1 , , ,
0

1 0
n

n n n nj k r B B
α

β α α α
α

−

− −
=

− − =∑ �
,

 ( ) ( )( )
( )2 1

2 , , , , 2
0

1
1

2 1

n

n n n n nj k r B B
n

α
β α α α β

α

δ
−

−
=

− + =
+∑ �

,

(4.26*)

(4.27)

(4.28)

(4.29)
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 1,..., 2nβ = .   , -

 (4.28)       :
 

, ,n n nB Bα α− = ,
 

0,..., 1
2

nα = − .

, (4.29)   :
 

( ) ( )
( )

( )
2 1

2 , , , 2
0

1
1

2 2 1

n

n n nj k r B
n

α
β α α β

α

δ
−

=

− =
+∑ �

,

  , :
 

( ) ( )

( ) ( )

( ) ( ) ( )

2 1

2 , ,
0

2 1

4 , ,
0

2 1

, ,
0

1 0

1 0

1
1

2 2 1

n

n n

n

n n

n

n n n

j k r B

j k r B

j k r B
n

α
α α

α

α
α α

α

α
α α

α

−

=

−

=

−

=


− =




− =

− − − − − − − − − − − − − − − −



− = +

∑

∑

∑

�

�

�

.

,   (4.21)   (4.32) 
,     -

  2n - .  ,   -

 . , ,nB α    
   2n  . 

    , 2n nB   -

. ,   (4.27)  
 (4.30),  :

 

( ) ( ) ( )
( )2 1

2 1

, 2 0 , ,
0

2 1
n

n

n n n nB j k r B
α

α α
α

−
+ −

=

= −∑ �
.

    (4.30) -

.

(4.30)

(4.31)

(4.32)

(4.33)
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 III.   

,  ,   -

     : ,nA α  

 ,nB α ,  0,...,nα = .  ,nA α   
 (4.2).  ,nB α   -

 (4.26*), (4.35)  (4.32), (4.33), (4.30),  -

 n -  - .   -

   ,  1nkδ =  

(  III).
,  ,nB α   ,  

 ,nA α    :

, ,n nB Aα α> .

 ,    n -   .
 ,    

    ( ) ( ) ( )1 cosn nh kr P γ    
. ,  ,    

       -

 .    . 20-
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.     ,nB α  , 
   _ ,nA α  ,   

   .

. 20.   

    -

  ( )2n nR lπ= ,  nl n k=   
.  ,  1n =   2n = , ,nA α  -

   ,  n -   
  . ,nB α     

,   n -  .  -

, ,nB α   ,  ( ) ( ) ( )1 cosn nh kr P γ  

     ,   
 .

§27.   

 ,   1N +  -

  ( N n> ), - :

, 2N N

N
r α α δ τ = − 

 
� �

, 0,...,Nα = .
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,   
Nδ    1Nkδ =   

  ,NC α   .  (4.18)  
(4.19)  , N -     

  :

( ) ( ) ( )1
, 0 ,

0

1
N

N NC h k r r
α

α α
α =

− − ≈∑ � �

( ) ( ) ( )
( )

( ) ( ) ( ) ( )
1 2

1
, , ,

0 0

1 1 2 1 cos
NN

m

N N N m N m m

m

C C j k r m h kr P
α

α α α
α

γ
−

−
= =

   ≈ − − − +    
∑ ∑ �

,

( ) ( ) ( )1
, 0 ,

0

1
N

N NC h k r r
α

α α
α =

− − ≈∑ � �

( ) ( ) ( ) ( )
( )

( ) ( )
2 1

2 1
, 2 , , 0 , 0

0

1 1
N

N

N N N N N NC C C j k r h kr
α

α α α
α

−

−
=

 
≈ − + − + + 

 
∑ �

( ) ( ) ( )
( )

( ) ( ) ( ) ( )
2 1

1
, , ,

1 0

1 1 2 1 cos
NN

m

N N N m N m m

m

C C j k r m h kr P
α

α α α
α

γ
−

−
= =

   + − − + +    
∑ ∑ �

.

,   ,NC α  , N -   
     

 :

( ) ( ) ( )
( )1 2

, , , ,
0

1
1 1

2 1

N
m

N N N m N m nC C j k r
n

α
α α α

α

δ
−

−
=

 − − − =  +∑ �
, 0,...,m N=

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

2 1
2

, 2 , , 0 ,
0

2 1

, , , ,
0

1 1 0

1
1 1

2 1

N
N

N N N N N N

N
m

N N N m N m n

C C C j k r

C C j k r
n

α
α α α

α

α
α α α

α

δ

−

−
=

−

−
=


− + − + =



  − − + =   +

∑

∑

�

�

,
 

1,...,m N= .

 ,   :

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 cos
2

N

N N n n

N
C h k r h kr P

α
α

α

α δ τ γ
=

  − − − ≈  
  

∑ � �

.
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,  n    ( ) ( ) ( )1 cosn nh kr P γ   
  ,   1N +  -

 . ,  ,NC α    
   .  

N n> ,   ,   
,  . ,     

 .    -

 ,   . 20-  -

  ,  1n = .   
1 2n + =  .      

 ,     
 . ,  ,  (4.22) 

  ,   
1n +   ,    -

.

§28.   .
 

     
 ,   :

 
( ) ( ) ( )1 cosnH k nρ ϕ , ( ) ( ) ( )1 sinnH k nρ ϕ .

,       -

,    0ρ   -

  2n   .  -

     ,  
   :

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1
0 0 0 0 0 0

1

2 cosm m

m

H k J k H k J k H k mρ ρ ρ ρ ρ ρ ϕ
∞

=

− = + ∑� �
,

(4.34)
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{ }cos ,sinρ ρ ϕ ϕ=
�

,
 

{ }0 0 1,0ρ ρ=
�

,
 0ρ ρ> .

(4.3)  (4.4)  ,  -

 ,    0kρ   
 

0 4

n
kρ ≤ ,

   :
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1
0 0 0 0 0 0

1

2 cos
n

m m

m

H k J k H k J k H k mρ ρ ρ ρ ρ ρ ϕ
=

− ≈ + ∑� �
.  (4.36)

  x     1n +  

 ,  - :

, 2n n

n
xαρ α δ = − 

 

� � ,
 

0,...,nα = .

     
, , 0n αρ ≠
� ,  n    , 2 0n nρ =

� ,  n  . 
,   nδ      -

 :
 1

2nkδ = ,

 ,n αρ�    : 
 

, 4n

n
k αρ ≤
� ,

      
( 0α =   1α = ).

, n  .  (4.36)  , 
  :

( ) ( ) ( ) ( ) ( )1 1
0 , 0 , 0n nH k J k H kα αρ ρ ρ ρ− ≈ +

� � �

( ) ( ) ( ) ( )1
, ,

1

2 cos
n

m n m n

m

J k H k mα αρ ρ ϕ
=

+ ∑ �
,

(4.35)

(4.37)

(4.38)
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 ,n αϕ    ,n αρ�   ρ�   , 
 4k nρ > .
 n  ,   ,n αϕ   , -

 2nα = .  :

( ) ( ) ( ) ( ) ( )1 1
0 , 0 , 0

2 2
n n

n n
H k J k H kα α

α α
ρ ρ ρ ρ

≠ ≠
− ≈ +
� � �

( ) ( ) ( ) ( )1
, ,

21

2 cos
n

m n n m
n

m

J k m H kα α
α

ρ ϕ ρ
≠=

+ ∑ �

,

( ) ( ) ( ) ( )1 1
0 , 0

2
n

n
H k H kα

α
ρ ρ ρ

=
− =
� �

.

 ,nA α  _     -

 

( ) ( ) ( )1
, 0 ,

0

1
n

n nA H k
α

α α
α

ρ ρ
=

− −∑ � �

.

n -     ,  -

:

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
, 0 , , 0 , 0

0 0

1 1
n n

n n n nA H k A J k H k
α α

α α α α
α α

ρ ρ ρ ρ
= =

 − − ≈ − +  
∑ ∑� � �

 ( ) ( ) ( ) ( ) ( )1
, , ,

1 0

2 1 cos
n n

n m n n m

m

A J k m H k
α

α α α
α

ρ ϕ ρ
= =

 + −  
∑ ∑ �

,

( ) ( ) ( )1
, 0 ,

0

1
n

n nA H k
α

α α
α

ρ ρ
=

− − ≈∑ � �

( ) ( ) ( ) ( ) ( )2 1
, 2 , 0 , 0

0

2

1 1
n

n

n n n n

n

A A J k H k
α

α α
α

α

ρ ρ
=

≠

 
 ≈ − + − + 
  

∑ �

 

( ) ( ) ( ) ( ) ( )1
, , ,

01
2

2 1 cos
n n

n m n n m

m

n

A J k m H k
α

α α α
α

α

ρ ϕ ρ
==

≠

 
 + − 
  

∑ ∑ �

.

(4.39)

(4.39*)
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(4.39)     -

  , :

( ) ( ) ( ) ( ) ( )
( )1 2

, 0 , , , 0 ,
0 0

1 1
nn

n n n n n nA J k A A J k
α α

α α α α α
α α

ρ ρ
−

−
= =

− = − −∑ ∑� �

:

( ) ( ) ( ), , ,
0

1 cos
n

n m n nA J k m
α

α α α
α

ρ ϕ
=

− =∑ �

( ) ( ) ( )
( )

( )
1 2

, , ,
0

1 1 cos
n

m

n n n m nA A J k m
α

α α α
α

ρ ϕ
−

−
=

 = − − − ∑ �
.

, (4.39*)   -

   :

( ) ( ) ( ) ( ) ( )
( )2 1

, 0 , , , 0 ,
0 0
2

1 1
nn

n n n n n n

n

A J k A A J k
α α

α α α α α
α α

α

ρ ρ
−

−
= =

≠

− = − +∑ ∑� �

:

( ) ( ) ( ), , ,
0

2

1 cos
n

n m n n

n

A J k m
α

α α α
α

α

ρ ϕ
=

≠

− =∑ �

( ) ( ) ( )
( )

( )
2 1

, , ,
0

1 1 cos
n

m

n n n m nA A J k m
α

α α α
α

ρ ϕ
−

−
=

 = − − + ∑ �
.

  ,  :

, ,n n nα αρ ρ −=
� �

,
 ( ) ( ),cos cosn nm mαϕ ϕ− = ,

( ) ( ) ( ) ( ),cos cos 1 cos
m

nm m mαϕ π ϕ ϕ= − = −   ,

 ( )0,..., 1 2nα = − ,  n    ( )0,..., 2 1nα = − ,  n  

.
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  , -

 (4.39)  (3.39*)    :

( ) ( ) ( )1
, 0 ,

0

1
n

n nA H k
α

α α
α

ρ ρ
=

− − ≈∑ � �

 
( ) ( ) ( ) ( ) ( )1 1

0, 0 ,
1

2 cos
n

n m n m

m

S H k S H k mρ ρ ϕ
=

≈ + ∑ ,

  0,nS   ,m nS   :

( ) ( ) ( )
( )1 2

0, , , 0 ,
0

1
n

n n n n nS A A J k
α

α α α
α

ρ
−

−
=

= − −∑ �
,

( ) ( ) ( )
( )1 2

, , , ,
0

1 1
n

m

m n n n n m nS A A J k
α

α α α
α

ρ
−

−
=

 = − − − ∑ �
,

 n  ;

( ) ( ) ( ) ( )
( )2 1

2

0, , 2 , , 0 ,
0

1 1
n

n

n n n n n n nS A A A J k
α

α α α
α

ρ
−

−
=

= − + − +∑ �
,

( ) ( ) ( )
( )2 1

, , , ,
0

1 1
n

m

m n n n n m nS A A J k
α

α α α
α

ρ
−

−
=

 = − − + ∑ �
,

 n  .
 ,     -

:
 0, 0nS = , , ,

1

2m n m nS δ= ,

 (4.40)   :
 

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 cos
2

n

n n n

n
A H k x H k n

α
α

α

ρ α δ ρ ϕ
=

  − − − ≈  
  

∑ � � .

(4.40)

(4.41)

(4.42)
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     y  -

 .  -  :

, 2n n

n
yαρ α δ∗  = − 

 

� � ,
 

0,...,nα =

 (4.42)  ,  :
 

( ) ( ) ( ) ( ) ( )1 1
, 0

0

1 sin
2

n

n n n

n
A H k y H k n

α
α

α

ρ α δ ρ ϕ
=

  − − − ≈  
  

∑ � � .

,   ,   -

 ,nA α  .   (4.41) -

,      
  .  n  , :

( ) ( ) ( )
( )1 2

, , , ,
0

1
1 1

2

n
m

n n n m n m nA A J k
α

α α α
α

ρ δ
−

−
=

 − − − = ∑ � ,

 0,...,m n= . ,  n  , :

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

2 1
2

, 2 , , 0 ,
0

2 1

, , , ,
0

1 1 0

1
1 1

2

n
n

n n n n n n

n
m

n n n m n m n

A A A J k

A A J k

α
α α α

α

α
α α α

α

ρ

ρ δ

−

−
=

−

−
=


− + − + =



  − − + =  

∑

∑

�

�

   1,...,m n= .
 , (4.20)  (4.21)  -

. ,     -

,   n  ,  ,nA α    
( )1 2n +    :

 

( ) ( )
( )

( )

1 2

2 1 , , , 1 2
0

1
1

4

n

n n n
J k A

α
β α α β

α

ρ δ
−

+ −
=

− = −∑ �
,
 

1
0,...,

2

nβ −
= ,

   , :
 

, ,n n nA Aα α− = , 1
0,...,

2

nα −
= .

(4.43)

(4.44)

(4.45)
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,  n  ,    -

 2n    :
 

( ) ( )
( )2 1

2 , , , 2
0

1
1

4

n

n n nJ k A
α

β α α β
α

ρ δ
−

=

− =∑ � , 1,..., 2nβ = .

 , 2n nA   , :
 

( ) ( ) ( )
( )2 1

2 1

, 2 0 , ,
0

2 1
n

n

n n n nA J k A
α

α α
α

ρ
−

+ −

=

= −∑ � ,

  _ :
 

, ,n n nA Aα α− = , 0,..., 1
2

nα = − .

,  (4.42)  x    
   ,  

  ( ) ( ) ( )1 cosnH k nρ ϕ . ,  
(4.43)    y      

  ( ) ( ) ( )1 sinnH k nρ ϕ .   
   (1.12*) :

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1
, 0 , 0 ,

0

1
n

in

n n n nA H k iH k H k e
α ϕ

α α α
α

ρ ρ ρ ρ ρ∗ ±

=

 − − ± − ≈ ∑ � � � � .

  ,     
   ( . 21).   

   .

. 21.  
. 22.     

,  ɭ
n
=2ρ

0

(4.46)

(4.47)

(4.48)
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    , -

 :

2n n

n
l n

k
δ= = .

 ,     nδ  -

   ( )1 2n kδ < ,  (4.42)  (4.43) 
  .    

     , 
     ( 1n + ).

   :
 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1 1 1
0 0 ,

10

1
1 cos

4

n

n n

n

H k H k n
nJ k

α
α

α

ρ ρ ρ ρ ϕ
ρ

+

=

− − ≈∑
��
ɶ ,     (4.49)

  ,n αρ
�
ɶ  , :

{ }, , ,cos ,sinn n nα α αρ ϕ ϕ=
�
ɶ ,

 

( ), 1n
n

α
πϕ α= − .

   0ρ  ,  ( )0 4n kρ = . 
 ,     nl  -

   ( . 22).

. 23.     
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 ,     
,  ( ) ( ) ( )1 cosnH k nρ ϕ    .  

  (4.42)  (4.49)   
      ,  

   .   n

-      . 23-
.      , 

   _  ,   
   .   -

   nl  .  , 
 1n = ,      

      -

 . n -   ,  -

      , 
      . 

      ( . 
6  . 7).    ,   n

-     .

. 24.       
 

. 24- ,  5n = ,  -

 ,     -

.  ,    -

      2 nl   
   . ,  ,  
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      -

  ,     .
     -

 nδ    ( ( )1 2n kδ < ).  , 
  ,    

   ,  .  
      . 

§29.    
     

 ( ) ( ) ( )1 cosnH k nρ ϕ     
: 

( ) ( ) ( ) ( ) ( ) ( )1 1
0 0

1

cos
N

N n n

n

F a H k a H k nρ ρ ρ ϕ
=

= + ∑�

 ,  0a , ... , Na   .  
    (4.42) ,  

:

( ) ( ) ( ) ( ) ( )1 1
0 0 , 0

1 0

1
2

N n

N n n n

n

n
F a H k a A H k x

α
α

α

ρ ρ ρ α δ
= =

  ≈ + − − −  
  

∑∑� � �
.

 n -      
   Nδ . , (4.37)  , 

 ,  ( )1 2N kδ = .  -

  ,  ( )NF ρ� ,  
   ,  -

  2 1N + ,
 

( ) ( ) ( )
2

1
, 0 ,

0

N

N N m N m

m

F H kρ ρ ρ
=

′≈ Θ −∑� � �
.

  ,N mρ ′�  -  :
 

, 2N m N

m N
xρ δ−′ =

� � , 0,..., 2m N=

(4.50)

(4.51)
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      2Nδ - . 
  :

2N N

N
L N

k
δ= = .

 ,N mΘ     
 0a ,..., Na  ,   -

   ,nA α  ,
 

( )

( ) ( ) ( )

( )
2

2 2 ,
0

1
1

, 0 2 1 2 1 , 1
0

2 2 ,
0

1 , 0,..., 1

1 ,

1 , 1,..., 2

m

m

N m

N m N m

N m

m N

m N m N m N

a A m N

a a A m N

a A m N N

λ
β

β β β
β

λ
β

β β β
β

λ
β

β β β
β

−

− + − +
=

−
+

+ + +
=

− +
− + − + − +

=


− = −


Θ = + − =


 − = +


∑

∑

∑

.   (4.52)

  
mλ   2N mλ −     -

 (1.6) . (4.50)   
,   Nδ -      

( ( )1 2N kδ < ).    .

§30.    
   

      
   .    

(§10),      -

   :
 

( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( )1 10
, 01 1

10

2 cos
N

n n

z N n

n n

J ka J ka
E H k i H k n

H ka H ka
ρ ρ ρ ϕ

=

= − − −∑� ,  (4.53)
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 a   ,   N   
  N ka=    . ,  -

   ,  x  -

    z    
.   :

 ( )
( ) ( )
0

0 1
0

J ka
a

H ka
= − ,

 

( ) ( )
( ) ( )1

2
n n

n

n

J ka
a i

H ka
= − − ,

      :

( ) ( ) ( ) ( ) ( ) ( )1 1
, 0 0

1

cos
N

z N n n

n

E a H k a H k nρ ρ ρ ϕ
=

= + ∑� ,

     . §10-
        

     -

   .  -

    , -

  (4.42) .   
 , (4.50)-   (4.51)-  , :

 

( ) ( )
2

1
, , 0

0 2

N

z N N m N

m

m N
E H k xρ ρ δ

=

 − 
≈ Θ − 

 
∑� � � ,

 ,N mΘ     (4.52).

. 25.    

(4.54)

(4.55)
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. 25-     -

 ,  9.1ka =   , 10N = .  
    (4.55)  (4.53) . 
      (4.55) -

   (4.53) .
  ,   

,    (4.55)  
  (4.54)  .  

,    ,  -

    2 1N +   .

§31.    
    .

 

  ,  -

 (3.1)      
. ,  0y = ,  1n +  -

  :
 { }, , ,sin ,0,cosn n nα α ατ ϑ ϑ=
� ,

 n     0,...,nα = .  ,n αϑ , -

 n -  -  .  n  , :
 

, 1n
n

α
πϑ α=
+

,

  n  :
 

,

1

1 2n
n

α
πϑ α = + +  

.

   ,  -

 ( ), ,r ϑ ϕ    -  r
� -  .  

,n αγ    ,n ατ�   r
�   , :

(4.56)

(4.57)

(4.57*)
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, , ,cos sin sin cos cos cosn n nα α αγ ϑ ϑ ϕ ϑ ϑ= + .

,   n    0α = ,  ,0 0nϑ =   -

  ,0nτ�   z   .  
,   ,n ατ�   ( 0α ≠ )  „ -

 ,    , 
x    ( . 26 ). , (4.57)-  ,  

 :

, 1 ,n n p n pϑ π ϑ− + = − , 1,...,
2

n
p = .

 n    ( . 27 ),  „   
  ,n ατ�    (4.57*)-  ,  -

 :
 

, ,n n q n qϑ π ϑ− = − , 1
0,...,

2

n
q

−
= .

. 26.  

  (4.22), ,n ατ�  : 
 

( ) ( ) ( ) ( ) ( )1 1
, 0 , ,

0

1 cos
2

n

n n n n n n

n
B h k r h kr P

β
β α α

β

β δ τ γ
=

  − − − ≈  
  

∑ � �
,  (4.61)

 1n kδ = .  (4.22*)-   , 
 ( )2r n k> .  (4.61)-     

(4.58)

(4.59)

(4.60)
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( ) ,1 m

nF
α

α− ,  ,
m

nF α    , 1,2,...m =  

 m n≤ .    α  . :

( ) ( )1
, , 0 ,

0 0

1
2

n n
m

n n n n

n
F B h k r

α β
α β α

α β

β δ τ+

= =

  − − − ≈  
  

∑∑ � �

 ( ) ( ) ( ) ( )1
, ,

0

1 cos
n

m

n n n nF P h kr
α

α α
α

γ
=

 ≈ −  
∑ .

  (3.65),  , 
:

( ) ( ) ( ), ,cos cos cosn n n n nP P Pα αγ ϑ ϑ= +

( )
( ) ( ) ( ) ( ),

1

!
2 cos cos cos

!

n

n n n

n
P P

n

ν ν
α

ν

ν
ϑ ϑ νϕ

ν=

−
+

+∑ .

 (4.62)     -

 :

( ) ( ) ( ) ( ) ( ), , , ,
0 0

1 cos 1 cos cos
n n

m m

n n n n n n nF P F P P
α α

α α α α
α α

γ ϑ ϑ
= =

 − = − +  
∑ ∑

( )
( ) ( ) ( ) ( ) ( ), ,

1 0

!
2 1 cos cos cos

!

n n
m

n n n n

n
F P P

n

α ν ν
α α

ν α

ν
ϑ ϑ νϕ

ν= =

−  + − +  
∑ ∑ .

   ,
m

nF α   ,  -

 :

( ) ( ), ,
0

1 cos 0
n

m

n n nF P
α

α α
α

ϑ
=

− =∑ ,

 ( ) ( ) ( )
( ), , ,

0

!1
1 cos

2 !

n
m

n n n m

n
F P

n

α ν
α α ν

α

ν
ϑ δ

ν=

+
− =

−∑ , 1,...,nν = ,

(4.62)

(4.63)

(4.64)
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:

( ) ( ) ( ) ( ) ( ) ( ), , ,
0 1

1 cos cos cos cos cos
n n

m m

n n n m n nF P P P m
α ν

α α ν
α ν

γ δ ϑ νϕ ϑ ϕ
= =

− = =∑ ∑ ,

    m n≤ . , 
(4.62)    :

( ) ( )1
, , 0 ,

0 0

1
2

n n
m

n n n n

n
F B h k r

α β
α β α

α β

β δ τ+

= =

  − − − ≈  
  

∑∑ � �

 
( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ≈ .

  *
,n ατ�   0x =  , :

 { }*
, , ,0,sin ,cosn n nα α ατ ϑ ϑ=
�

,

  (4.65)   :

( ) ( )1 *
, , 0 ,

0 0

1
2

n n
m

n n n n

n
F B h k r

α β
α β α

α β

β δ τ+

= =

  − − − ≈  
  

∑∑ � �

 ( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ≈ .

  ,   -

 ( ) ( ) ( ) ( )1 cos cosm

n nh kr P mϑ ϕ   ( ) ( ) ( ) ( )1 cos sinm

n nh kr P mϑ ϕ  -

   ,  , m n= ,  
0 m n< < .

  (4.63)  (4.64)   -

:
 

( ) ( ) ( )
( ), , ,

0

!1
1 cos

2 !

n
m

n n n m

n
F P

n

α µ
α α µ

α

µ
ϑ δ

µ=

+
− =

−∑ ,
 

0,...,nµ = .

,  n   m   ,  
0,...,nα = . , (4.68)    -

(4.65)

(4.66)

(4.67)

(4.68)
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   ,
m

nF α   . -

     1n + .

. 27.  

 (4.65) ( ,  (4.67))  -

     -

.     0y =  ( 0x = ) -

   1n +   .  n  

 ,      
  ,   

. ,    -

   ( )21n n+ − , ( . 27 )).  n   
,      -

  ( )21n + , ( . 27 ).  -

 , ,
m

n nF Bα β ,  ,nB β    , 
 ,

m

nF α    (4.68) .
       
     -

. . 27-    , 
    .
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§32.    

  (4.68)    
 . ,   n  ,   

 , (4.59)-  ,  -

:

( ) ( ) ( ) ( ) ( ), , ,0 ,0 , ,
0 1

1 cos cos 1 cos
n n

m m m

n n n n n n n n nF P F P F P
α αµ µ µ

α α α α
α α

ϑ ϑ ϑ
= =

− = + − =∑ ∑

( ) ( ) ( ) ( )
2

,0 , , , 1 , 1
1

1 1 cos cos
n

pm m m

n n n p n n p n n p n n n p

p

F P F P F Pµ µ µϑ ϑ− + − +
=

 = + − − = ∑

( ) ( ) ( )
2

,0 ,0 , , 1 ,
1

1 1 cos
n

pm m m

n n p n n p n n p

p

F F F P
µ µ

µδ ϑ− +
=

 = + − − − ∑ .

, (4.68)  :
 

( ) ( ) ( ) ( )
( )

2

,0 ,0 , , 1 , ,
1

!1
1 1 cos

2 !

n
pm m m

n n p n n p n n p m

p

n
F F F P

n

µ µ
µ µ

µ
δ ϑ δ

µ− +
=

+ + − − − =  −∑ , (4.69)

 0,...,nµ = .  (4.69)   
:

 

( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

2

,0 , , 1 ,
1

2
2

, , 1 , 2 ,
1

2
2 1

, , 1 , 2 1,
1

1 cos 0

2 !1
1 cos

2 2 !

2 1 !1
1 cos

2 2 1 !

n
pm m m

n n p n n p n n p

p

n
p m m s

n p n n p n n p s m

p

n
p m m s

n p n n p n n p s m

p

F F F P

n s
F F P

n s

n s
F F P

n s

ϑ

ϑ δ

ϑ δ

− +
=

− +
=

−
− + −

=


+ − − =


 + − − = −
 + − − + =

− +

∑

∑

∑

,

 

(4.69*)

 1,..., 2s n= .
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,  n  ,  (4.68)  
 , (4.60)-  ,  -

:

( ) ( ) ( ) ( )
( )1 2

, , , ,
0 0

1 cos 1 cos
nn

qm m

n n n n q n n q

q

F P F P
α µ µ

α α
α

ϑ ϑ
−

= =

− = − −∑ ∑

( ) ( ) ( ) ( )
( )1 2

, , , , ,
0

cos 1 1 cos
n

qm m m

n n q n n n q n q n n q n n q

q

F P F F P
µµ µϑ ϑ

−

− − −
=

 − = − + −  ∑ .

 (4.68)  :
 

( ) ( ) ( )
( ) ( )

( )
1 2

, , , ,
0

!1
1 1 cos

2 !

n
q m m

n q n n q n n q m

q

n
F F P

n

µ µ
µ

µ
ϑ δ

µ

−

−
=

+ − + − =  −∑ .    (4.70)

   :

 

( ) ( ) ( )
( ) ( )

( )

( ) ( ) ( )
( ) ( )

( )

1 2
2

, , , 2 ,
0

1 2
2 1

, , , 2 1,
0

2 !1
1 cos

2 2 !

2 1 !1
1 cos

2 2 1 !

n
q m m t

n q n n q n n q t m

q

n
q m m t

n q n n q n n q t m

q

n t
F F P

n t

n t
F F P

n t

ϑ δ

ϑ δ

−

−
=

−
+

− +
=

 +
− + = −


+ + − − = − −

∑

∑
,   (4.70*)

 ( )0,..., 1 2t n= − .
  n   m     

 ,  -  .
I. n   m ,   .  (4.69*)-  , 
 2 1, 0s mδ − = , 1,..., 2s n=   ,    -

 :

( ) ( ) ( )
2

2 1
, , 1 ,

1

1 cos 0
n

p m m s

n p n n p n n p

p

F F P ϑ−
− +

=

− + =∑ .

      

, , 1
m m

n p n n pF F − ++   .   -

   ,    
, :
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, 1 ,
m m

n n p n pF F− + = − , 1,..., 2p n= .

, (4.69*)-     , -

 :
 

( ) ( )
2

1

,0 , ,
1

2 1 cos
n

pm m

n n n p n p

p

F P Fϑ+

=

= −∑ ,

 

( ) ( ) ( )
( )

2
2

, , 2 ,
1

2 !1
1 cos

4 2 !

n
p s m

n n p n p s m

p

n s
P F

n s
ϑ δ

=

+
− =

−∑ .

 (4.73)  2n     
.     ,

m

n pF  -

 ,  1,..., 2p n= .  -

 ,0
m

nF   , 1
m

n n pF − + ,   (4.72)  (4.71) -

.
II. n    m  . (4.69*)   

2 , 0s mδ = , 1,..., 2s n=      :

( ) ( ) ( )
2

2
, , 1 ,

1

1 cos 0
n

p m m s

n p n n p n n p

p

F F P ϑ− +
=

− − =∑ .

  :

, 1 ,
m m

n n p n pF F− + = ,
 

1,..., 2p n=

      : 
 

,0 0m

nF = ,

 

( ) ( ) ( )
( )

2
2 1

, , 2 1,
1

2 1 !1
1 cos

4 2 1 !

n
p s m

n n p n p s m

p

n s
P F

n s
ϑ δ−

−
=

+ −
− =

− +∑ .

(4.76)     ,
m

n pF  -

 ,  1,..., 2p n= .  , 1
m

n n pF − +  

,   (4.74) . (4.75)-
 ,  ,0

m

nF    .

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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III. n    m  . (4.70*)   -

 ,  2 1, 0t mδ + = ,  ( )0,..., 1 2t n= −   -

:

( ) ( ) ( )
( )1 2

2 1
, , ,

0

1 cos 0
n

q m m t

n q n n q n n q

q

F F P ϑ
−

+
−

=

− − =∑ .

 :

, ,
m m

n n q n qF F− = , ( )0,..., 1 2q n= − .

, (4.70*)-    :
 

( ) ( )
( ) ( )

( )
1 2

2
, , 2 ,

0

2 !1
1 cos

4 2 !

n
q t m

n n q n q t m

q

n t
P F

n t
ϑ δ

−

=

+
− =

−∑ .

 (4.78)     ,
m

n qF  

,  ( )0,..., 1 2q n= − .  ,
m

n n qF −  -

    (4.77).
IV.  ,  n   m ,  .  

, (4.70*)  2 , 0t mδ = ,  ( )0,..., 1 2t n= −  

    :

( ) ( ) ( )
( )1 2

2
, , ,

0

1 cos 0
n

q m m t

n q n n q n n q

q

F F P ϑ
−

−
=

− + =∑ .

  :
 

, ,
m m

n n q n qF F− = − ,
 ( )0,..., 1 2q n= −

 ,     :
 

( ) ( )
( ) ( )

( )
1 2

2 1
, , 2 1,

0

2 1 !1
1 cos

4 2 1 !

n
q t m

n n q n q t m

q

n t
P F

n t
ϑ δ

−
+

+
=

+ +
− =

− −∑ .

(4.80)     ,
m

n qF  -

,  ( )0,..., 1 2q n= − ,  , -

 (4.79).

(4.77)

(4.78)

(4.79)

(4.80)
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