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03MbLBD.

oy me{l,2}, 85306 nN23-m >2 6gd0bdngGo 1 boGnGsmaca Mazbgabscmgal, 530@ma goae-
mobbdmo, Gm3 m>2. d936036mm ?3630033, Gmd 23n° —m* ¢ {1,2,3,4} 69d0bdogtn m s n bsGy-
Moo Mo3b3980bsmz0b. sEmms(s, o 23n* —m’ {1,2,3,4} , 35306 m*(mod 23) e {19, 20,21, 22} . gb
dg99dmgdgmos gobsnwsb

m’(mod23) e {0,1,2,3,4,6,8,9,12,13,16,18} :

4
a35g3b, 23n° —m* > 5. 30bs0sb 1> —, 339469

m

2
230 Zmz+5=m2+4+1>m2+4+i2=(m+£) ,
m

8085boadyg, nV23 —m 52,
m

0dMBO6Y 5

03MbLBD.

300d300, O BGgBotab (3968605, bmmm R s@ob Goombo. 04 @5 OP 39d@mGg3Lb dmeab goombyg
530b0dbmm @ -0m. g3543Lb
PA* =(OP-0A, OP—-0A)=(OP,OP)-2(OP,04)+(04,04)=2(R* -(OP,04
( )=(or.0F)=2(0.04)(04.0d)=2(x~(or.0A))

Sbsmma oMo,

PA' = P4’ -P4* =2( R* ~(OP,04))-2(R* ~(OP, 04))

= 4[134 2R’ (O—P,@)+(0—P,a)2}.
SBammgon@o a58mbsbnmgdgdo Jgagadmos sgbgmma PB* @s PC* orgols.
339db9%s

PA* + PB* + PC* = 12R* —8R? (071@+@+0“c)+(07>,a)2 JF(OTE’,@)2 +(O~P,ﬁ')2

=12R* +4R*[cos’ @ +cos’ (27 / 3+ @) +cos* (27 / 3— )] =18R".
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30MMA0 39mod) 3030 6oNdd>Nd]

SLoLEBI6E 3HMBILMMO 03. SLoLEHIOE-3HMBILMIOO 03.
2535b0830mM0L LobgMMBOL MdOMOLOL £935b0830mab LdbMMBOL MINMOLOL
LObymMAFOBM PO603xIMLOGHIGHNL DYLE ©O LobymMAFoBM YO603gIHLOBHIGOL DYLE ©O
LO3Y6730LAYGHY3aM™M BJ3EBOIHJIdMY LO3YB]30LAYBHY3IM™M FJ3607HJdBONS
BO3AMAHIG0 BO3IMAIG0

2013 6emols bog@moodm&obe menoddnsws Lol gmenem doogdsGogodo BsGomws jmenmddools foems bob-
Bo-9sm§odn ogemobols cg9d0. sb3oF90mEsdn dmboboeny gmbwgdo 6-6 dmbbogemolbogob dgwggdmes.
bogstroggenmb bo3698b bomdmswg gbwbb: ggcms dsmocnmady (mdoemobol 3mdsmmgols bymens-356Lom-
bob Xl gemobgemn); 53030 doMgggmodsoemo (Fgmsobol 0300 35-s09d58 0300 bzmenol XIl 3emsobgemn);
30mmg0 bgobody (0doemobol 3m8smmzol bzmens-356bombal XI jenobgema); domm 9dz9em00b0 (0980cmo-
bob gm8smmzol bjoemo-3s6bombol X gemolbgemn); oxmbogg dsbdmemsdzoemna (mdaemobols oenos 5952506
bobgenmdols 50b030-8o0gdsGogol bymenolb Xl jemobgemo) o 580606 dgemns (mdoenobols 3mdstmmzols
bgmeno-356bombals X1 3emsbgemo).

bogstmoggenmb memod3omn bs 3Mmgdol gm@dnmgds dmbos moba dybsmbggo Gmmal dgwmgagdolb bogymd-
390 8. dgbombgg 69(938L s8nbol@mnmygdol mbggms dmms Grmbosggemol bobgemmdal gmmzbaema bs-
93609000 gmbo. Jjo(3600 M98em3996G0M989m 4-Gafmnsb  bgFmoomn godmizgddo mbsboemgmdols
@Rmgds jo Imndmgglb Ggb3mdemogmmo bobgmenm JoogdsGognmo memod3nsol @obj360m0 §umab
d9w9898 09 @oymbmdoc gsdmaemgbocnds 18—ds bow9c9bm dmbbogemgd. door dmtol ngm son dgorg6-
08989-8900m68989 jerobgero, bomn Jgoomy s bodn dgi3669 gemobgemo. dgbombgzo bgegdol boggad-
3900 89 0o 3MI3emgJB s 6-dmbbogemnsbo bsjmgdo.

9emzbmmn memod3omo bs3mydol s 3m33emyd8géob dgdmga gHmoznsbn bsbzmobgemo dgm98s
BoGomwos gmdstmmgols bzmemodn ymagenomon@o 6-bosmnsbn Jgzom0bgmdgdoom. dmenm 98038y o
9emzbmmds bodg36096m gmbods «mdmmbggemym bo3mgdol 630980 9fmo 33060560 636069380 83 39-
05600, bowory dmbbogemggdl mGommgdmmon bs§mgbobgm b9mgdn bogmmsdmmalbm menndlnswogdol
30mmB930b goomgscrobbnbydno.

3960l owyFobs wo msbsenoymol gomms dmbbogemgoms dmddowgdodo sbysy dmbsboengmdwbgb go-
dmz00mo ymeaoemo memod3ngengdo: gommgo ofodady, bogs dogogomnobo o cngfn dobzmo.
bogmorsdmenlbm memoddnssl byemddmgobgenmdl gomn, Gmdmal 693@980 o006 §3946980L bsmdm-
dognbemgdo. gommob dgi698s BoGomms jmenmddool o. omobiocrasdn, bswsry gommolb bbomdgddy
5896089 sogmemo s8m30bnsb (short list) dgomhs 6 sdm(3065, HMPrmgdory goobsboenos 3-3 odm(zs-
6o o dng(zoom dmbbogemggdlb me umowm, dgmodgm mer myb. bogsbggdmem mbos snbodbmb, mmd
dgmbgz0l 3oboood sdmizobocms dmeals (short list) dmbgoos obey dbE o bodmbgdnbdgdysgem dg¢;-
60961935005 R0 3B 9B0b Fo30b6EM6B0b gomMgn ssdndol dngm dgroggbocro gg9mdgdEomemo sdm-
obo.

bobgmdemago o wodmemgemn d3 dogmmdol dgdwgg bogmgdo gmbon jmenddools foemsd bob§o—dsm§odo
Bogoo 21 ageabb. godmezogdo boGomms 23 s 24 nzcmabl. d9drmys wmygddo zo gomeol bgz6988s
JMmE063EMmMg3006 gfmomsm mobonbyl bobgmgdol dgoelgds o Jmemgdol dgxodyds. dowgaow F396-
3s 993b03g ImbEsgemgd xzocnom s0dbobams: 83030 dofmgsgcrodzocnds o gommgn bgobsdyd @sndbsb-
@b 8606 omb dgwemgdo, bergnm ggems Josmmsdyd, ommbn g dobdaymodzoemds, don d9dsgemnsbds
@ 390606 dgemnsd wondbobamagl bodsGom boggemgdo. gqbamamor 3966 be@mh meoddngmgdl dgdo-
amdo 6omdsBg8930.

J398m0or dmz0y35600 08 58m(30658L, Hmdrmgdacy Bogzom 8mbbsgemggdl 69Mmyddy:

101

‘l(/_
&
=™

cowSvSolernRec 3w /



03MEBIBD 1. ©353@ 3039, BB ymggmo (k, n) Bygomabomgab, boss k @s 1 dmgmo wswgdoma Gazb-
39000, 5MbLYdMAL k (30m0 (565 5 (30mgdmo gobLbzsggdmmo) dmgmo owgdoma Moisbgo m,, m,,...,m

k_
1+2 1=[1+L][1+Lj---[l+L].
n m, m, m,

03MbLBD. Boboawgds 83988 30(3Mmm 3omgda@ 03 Mo nbd(300L gmmeom k- BodsGro. Mm(3s k

k

obgoon, MHnd

=1 35306 baboogds GMngnomy@ns. 03933000 Babswawgds dofmmgdamoas k=j — 1-mgob s ©83538)-
30 k =j-mgob. gobgobomma mEo dg8mbggzs, Hmss 1 39b@0s s Mmzs 1 eombos.
1. gonggoom n=2t— 1 G083y domgmo @e@gdoma t-m3z0b.

J_ J_ J-1_ J-1_
85306 14+ 21— 221 _20%27 =D ”1=@+2 1]@+ ! )

n 2t-1 2t 2t— t 2t -1

0b@d(300L 3980 MbsbIsE 3LYdMAL abgmo mgmo swgdomo m,, My...m,_, A3

1
1+2 1: 1+L 1+L 1+L
t m, m, m;

05 5360350, 019 m=2t—1, 3090mmmdm LabyMggm boMdmmagbal k= j-mgab.

2. 300390 n =2t (o039 ongemo sgdomo t-azab.

33°d3b
2/ -1 271 2t+2/ -1 2t+2/ -2 1 2771
1+ =1+ = —. =1+ . 1+
n 2t 2t+2/-2 2t 2t+2/ -2 t

5 09 mj—nb Mmendo sgomgdo 2t + 2 — 2 ©s 33mes 398m30y969dm abrmd00b ©ed3980L 8ngnmgdm

Laby@ggem Bomdmmaqbol. Mabo s3@ 3039353 3306ms.

03MEBOBY 2. 3bmomo 3menddogmmo 3mbgognmsons bodMmEygdg dwgdomg 4027 BgMGomb, o
363 gFon bado BgmGomo 9o BOGgdg o6 8rgdsmgmdl ©s 3sbmsb, 2013 (3oema bg@mE oo ool bo-
ogmo ggenb, boemm ©sbsmhgbo 2014 (3ommo BgMGoma sl mafxo ggMab. aobgobommae beggoms
mxobo, Hmdgmos LodMGyglb Medmegbndg oM g 3ymal. dm(39dymo 3mmuddoyMo 3mbgoantsnabo-
30L 66O ggms 98 mgobl gnbmomo jomgn, o LENmEyds 3gdgan Mo dofmmds:

o 5M39Mm0 BMgg o6 gomal 3mbgngn@sznal sG(3960 bgMGomDy;
o LndMGYnb oM (39Mm0 oM g 56 Fgn(303L MEN39 Byl BgMEGob.

03m390 93 (3069b0 k abgon, Bm3d 4027 by Gomab 65d0b30gMa 3meddan@o 3mbgognMszoobogal
3m0dgdbgds k (30m0 BMgnbash dgmagbomo joman mygsba.

03MbLBD. 3obybo: £=2013.

%6 8mz0yzobma ogsmomn, MmBgemog 330h39690b, MmB k sgz0mgdmao 8580 96 Gmemas 2013-
Bg. 830bogzol egyma BMgboma 4026 Bg@m@nmam 4026 Gmm M3omaw, abg, Bm3 mommgqmo 6 3oemob
dmemmgdo agmb bbgssbbgs ggfob Bgm@nmagdo, bmmmm omhgbomn gomo (3oemo ra@go ggmab by@-
Gomo sgocmo bod@MEygdg 63dobdogM sanmsl. oy LadMEygdg a39d3b k bggobash 3g4dbama jotmaon
mxoba, 35306 ymgzge G 3omb s zomadmem Mbos 3350mgb gfmo BMgg 3506(3. @ MoEasbsy ymage
bAggb 854Lednd Mo LagHom BgMmEGama dgadmyds 3Jmbrgl bEAgBammab s30@m3 xbos g3dmbogl 2k
> 4026, sbyy k> 2013.

sbms gohggbmm, Bm3 4027 696G ool 65dnbdngMa gmmeddan@a 3mbxgogm®snobogol dmadgdby-
35 2013 B g30basb dgdmgamn bHggms 3o6g0 mgsbo. 530bmzgal godmzoygbmo dgdmgan GFMnzosmy&o

933, ymzgmn meo 4 ©s B Bg&gomobsmgal sGbgdmdl mfa 3sMsmgmymo bgg, Hm3mgda(s godo-
%60396 03 ™M BgH@0mb sbsmhgba Bgm@nmgdabasb.

©53830(3999. go393mmm 66gq 4 ©s B By omgddy. s3m3060L 306mdals mobobdow, ©sbsthgba
4025 bgm@omomsb s®39Mma Bgm@omo o8 BMgqbg o6 dpgdemgmdl, o6 dsbdomada 88 BgM@Gomagdo-
©56 4B bMgggdmg mamgdamo Mo3b3gd0s. gogdzom d stab 13 306gbo 58 Bsbdomms Imab. (3bswons, Hma,
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o) a5bg0bomagm 4B bmggob 3samgma®m s Jobasb d/2-0m ©sdm@gdmm me BMHggl, 35306 53 baggms

dmFob 0d69ds 3mdgmemo dbmemme 4 ©s B Bgm@nmgda. mgds 0838 30(390m0s.
abs gobgobomma 3mzg8mm BgMGomms sdmdbgdama gomba P, by 3 506gbo s3mdbgdama Lod-

M3y, Mm3gmoz 8mzqdmm 4027 BgmGomb 3g0(303L. gbademgdgmos ma 398mbgggs:

1. goggoo P-b 543 Boomgmo ggfal B3g6im 4. 85306 (3bowons, Bmd gfon bAggal Ladgsmgdom gogda-
%bo3m 03 B39Mmb ©obsmhgbo bgMBomgdabgsb. asdoxbym bg@mEomgddn sbems @339 2012 (om0
Boogmo ggcob BgmGomos. ©s356yz0mmo abobo m@-m@s 1006 (30em bygomom ©d mocmmgmmo
Bygomobomgal go8mgaygbmo mgds, sbgy mammgmo Bygnma mco bgom go380%bmo ©sbscBhgba 4025
BgMGomabasb. s3Mogswm, bmm a39465ds 142:1006=2013 Begzg.

2. 3o gdgom, sbma P-b o6 543L Boomgmo ggmob bgamm, 564 aba yggmes Bggem ma@gns. gobgobo-
mmo P-b oo 3gdmdgmo maigo 4 s B Bggeim. (3bswos, Gm3 AB-b 3sMamgmaua bHgom dgodmgds
A-b s B-b g580%360 ©65MBgbn BB omadobasb. gsdoxbmm ByMmEomagddo 1339 2012 (39mm0 g
Bo@@omns, GmImadbas abgg, Amameiz Babs dgdmbggzedn, go380xbsgm @ebsthgbn 4025 696 @nmals-
356 2012 b&gom. 864 53 gdmbggzedag 2013 Bggg Lo 3daobos. Mobo edd 303903 3306mEs.

03MEBOBY 3. 3043000 ABC Lod 3mbgedn B3gMHmb Im3nMmadatyg gotghsbsdmma B gboma gbgds BC
33960b 4, 6gMGomdo. sbommaon®ae asbgbadmgmma B, BgMm@omo CA 33900y s C, bgG@omo AB
33960y, dgbadadobsw B s C B3gMmmb dm3nmmsdntmy gstmghsbsbmma B gbamgdal badysmgdoo. @o-
39930m, M3 4 B C, bod 3gobgndy dgdmbsbymo BHgboMal (396@ M0 ©q3b ABC Lod 3mbgodg dgdmbe-
By B6Ogbocdy. 00098 303997, M3 ABC 3ot gobs Lad 3gombgns.

ABC bo8jmombgodo, 6396mb dmdommadoy gomgbobs dmemo bgbomo g6mmgds obgor 6696060,
mmdgemory 9bgds BC g3960b oo sbgzg 96535 AB s AC ag9mmgdols gogmdgmgdgdlb. B ws C bz96mb
dm3ofmodnmy gomghobs dmemo 669606930 3obnbo bmzmgds sbsenmgonmo.

03MbLEY. 3o ggom 4, B) @5 C, 39bodsdobo CAB, ABC o BCA G3smgdol 3obgmgomydos.

m98s. 4 B =A,C,. 535b»ob 4, 4, B, 0> C, bgM@omagdo (3030600, boenm 4 o 4, 6g@Gomgdo dwg-
dogmdgb B,C, BGxRob gho dbsmagl. sbammaon®o gdgmgdgdo bHymegds B, s C; bgHgomgdobor-
30053

103



©33830(3983. o9 4 =4, 35306 ABC Lo3 3gmbgmo Gmmmxzgioss s s30@ma (3bowos, Mmad AB,= AC,.
mg3ob ©s6sMmRgbo ©gdymagdgdo 30 GHogosmMas. sdo@ma goammobbdmo, Hm3 A # A, 053538 30-
(3m0, O3 44, C B =44 B C. 40 356bodrghgdosb godmdwobsmg 4 B = A4 C. s@gomo bofzgbgdgmos,
m3 BC,= CB,. 3sonma(3, 35bg0bomma C B39Mmb dm3oMeadnmg aomghsbsbymo BHgbomoa. Momasba(s
960 bgMEomoEsb 6GgboMobowdo gogmgdygmo dbgdgdo Gmmos, azodzb G§mmmds CB+BC =CA+AC,.
09M0g00, 2(CB+BC|) = CB+BC +CA+AC, = CB+AB+CA = 2p 05 5308m3 BC, = p—BC. sbommaoyMo gmg-
dmmdom, Gmd CB, = p-BC, g.0. BC,= CB,. sbggg agodsb £LC\BA,= LABA = ZACA,= £B,CA, @5 53M0a5©
44,C B=44 B C, g.0. @5353830(390 §mmmds A B =A4,C,. 39360dbmom, dm3d LAC A = LAB A, Howasbss

obobo Gmen LA C B s ZAB,C 390bg90L 03bgdgb £180°-dg. sdMogow, 3oh39b9m, ®md 44 B C| dstro-

0?14
(3 (3030 Mob 3obgros 44 s B,C, 3m3oMrodoMg a390w©9000. mgds 3@ 3o(39dmmos.
30600006 £A4 B,C, badgnobgndy dgdmbsdamo I' 6Agbamol O (396@M0 g3l ABC Lsdznmbgndy

dg3mbodym BHgbomdy, s80@ma (3bowos, ®mI 4,, B, s C, bgdhGomgdo ©ggb I'-b babggemo & ool
dogbom, g.0. Z4,B,C, 153 39mbgoo dmsogzimombss. bmasemdal 39 drnmsgsw gognmobbdmm, Gm3d B,
3nobg o6l demaggo.

B,(=9)

C'l A]

G

0360g0©, O ©d B, ©93b 4,C, 66330L Lbgoabbgs dbsmgl, sbggg B ©s B -0 ©@g3b 4,C, 6Gxgab bb-
3005bbgs 3boMgl s 9.0. B s O 0g3b 4,C, 6E@ab gim dbsmgl. cmgdob go8m B s B-o3 4,C, begal 9o
3botgbos s 030@m3 O s B, bgH@omgdo 56056 4,C, bOgal gho dbstgh. obggg mgdab godm B C =B 4,
©o 03M0g50 3gdymmdo, Gm3 B ©s O bgH@omgdo 9Hm3sbgml gdmbgzggs. ngogg mgdol msbsobdow
04, > QC, 3gbodsdabow B,C, s 4,B, 3mbs3ggmgdols dgsdomomdgdos. sdo@mad

ZC,B,A, = LC,B,B, + BB A =2/A,B,B, +2/BB,C, =2£A,B,C, =180 — LABC.

dgmmgl dbGog, mgdob dgmeg bobomob cmsbobdoe LC B A, = £C BA = ZABC s 3mgdymmdm, Gmd
ZABC=180° - ZABC , g.0. ZABC = 90°. c0bo 098 30(3505(3 330000m0.

03MBIBY 4. Im(353mns obgam 3mmbs Lod Fnmbgon ABC, Gm3mal mGom396@&0s H. gogzom W
sl BC g396 0L dogs 69 omn, bmemm M @s N dgbsdsdobse B s C 6396mosb ©0sd39dmmo bodsc-
mggd0b gdggdos. gogdgom, @, sl BIWN badgnombgodg dgdmbsbama b6 gbata, bmmm X abgomo Bgm-
&omos w,-bg, Hm3 WX 560l @,-0b ©053g@H0. sbsmmanyMom, gogzom @, stalb CWM badznombyndy
dg3mbaodmmo 6Mgbamo @s Y abgomo BgM@omos w,-bg, ®m3 WY s6ob w,-0b ©osdg@mo.

©5538 30399, ™3 X, ¥ s H 9o beggdg 8rogdatigmdl.

3MbLEY. 30 gz0m Z oMol ®, s ®, 6AYBaMgdal aowsz3900b bgMEamo asbbbgsggdamo W-bash.
35R396m, Gm3 X, Y, Z s H gt B6g39bg dgdotigmdl.

30600056 ZBNC = ZBMC = 90°, 5808m3 B, C, N 05 M Bgm@omgdo 80gdstigmdgb gto 66gbamdy,
5g6036mm 0g0 w,-0m. dg360dbmo, B3 WZ 560l 0, 05 @, bMgbamgdol Moo oMo mgMda. sbsmm-
3099600, BN oMol o, ©@o w,-0b, beaemm CM — w, ©@o w,-0b GoEogomygMo mghdgdo. sdtngo 4 = BN N
CM 560l @, 0, @5 0, 6HgboMgdol Moo gomy®o (396@0, Moz 60d6o3L 0dsl, Mm3 WZ bHgg aswob 4
By Gnmdy.

oEasbsz WX s WY Bomdmowagbgb dgbodsdobsm @, ©s @, 6MgboMmgdol ©0sdg@mgdl, s30@ma
LWZX = ZWZY = 90°, 65(3 6036530 03sb, ®m3 X s ¥ ©g3L b69bg Gmdgmas gowob Z Bg&mombdg o
WZ-0b 3scrormdammos.
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(OF]

30dgom L o600l B3960m@ab ©0d39dmmo Lodsmmob gudy. (3bowos, Gm3  mobgyombgoe BNMC

(303096005, 530@M3 33543b AL AH = AB-AN = AW-AZ 05 g.0. §meamds % = %

o9, bgM@omo q3b AW BeggDy, 35306 ngn sn30mgdmer gdmbzgse Z By @omb s s3Gngsm 3ma-
dmmdo ©abod@ 303009 ©gdnmgdol. o H o6 g3l AW-bg, 35306 a35430L Ladgnobgwgdo AHZ ws
ALW, Gndmgdas dbgagbo Lodgnmbgogdos, Gowasbsg oo 3nmbg LHAZ Lsghom sgzm s 3sbmab

AZ AL
LEYMEgds Gmemds E:W sdG0gow, LHZA = LWLA = 90° o3 6036530 0dsb, Gmd H Bg&@nmao

abg3g 0g3b XYZ beggDyg. Mabo 0od@g03905(5 3306ms.

33MBIBY 5. godzom, Q. oMol yzgms ogdoo Mogombama Gogbgos LndGMagmyg. gmdgom
Q. = R 3964300 5395ymaz0emgdl 3980098 306:m3930L:

(i) ymggero x, y ¢ Qoo LEYerRYds YGMEds f () (V) 2/ (x);

(ii) ymggmo x, ¥ & Q. LENMds YGMEmds f(x + ) = f(x) + £ (»);

(iii) 56bgdmdL Mo(3ombamuto Gozbzo a > 1 abgmo, GmA f(a) = a.

559830399, B3 f(x) =x ymggmox ¢ Q.

03MLBBY. G 33905 3ob3obmE(30gmme M8ybndy g o3sw.

Lf)>1.
oo, f(D) f@>f(@=f(1)aza=f(1)>1.

2. ymggmox = Q. , f(x) > 0 o ymggmo dogmo swgdomn m-omgab f(m) > m.
doFonma(3, o m Jogemo owgdomo Mozbzos, 35dab (ii)-0b godm

fm)=f(+1+.+D) =>mf (1) = f(m) > m.
580&md, ongy x = ﬂ, Loz M s 1 Jongmo ogdomn Mozbggdas,
n
f(m/n) f(n) =f(m) = f(m/n)>0.

3. oy x >y 85306 f(x) > f(»).
oo, [ (x) 2/ (x-y) + /() > f ().

4. omx>1,85306 f(x) > x.

o x=135306 1-0b g03m f(1) > 1. goggem sbms x> 1 ©s 313350 Bobsomdmgamds, 56 megmdzsm
S (x) <x.3580b o60mdg6 dogmn agdamo Bo3bggdao 1 s m, GmB f7(x) <m < x". oGmma(s, 2-0b godm

X 7 (1) = (fl) YO XD f) + D (1) 2 (A 20

©5 71 5300mm 0bgmo oo, Hm3 (x—f(x)) x> 1. gb 60dbsgL, H™ (f"(x), X") 0b&gFgemmdo Imbgmgds Go-
(3 dogma Gobgo m, 864 JoMongdamos GEmMmmdsms gaggo f(x) <m < x". gb 3o Babsomdmgamdss,
0035653 DOLoMInwmsb s 2-0sb agodsb f(x") > f(m) = m > f(x) = f(x").

5. f(a") =a".
dofmma(s, (1)-0b o 4-ab a08m a"=f"(a) = f(a") = a".
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6. oy x > 1,38530b f(x) = x.
BoFmnma(3, 93000m oo EEgdomo Mabgo m abgmo oo, Hm8 a™—x > 1. 85306 4-0b, 5-0b s (ii)-ob
aodm a39469ds a”=f(a”) = f(a"=x) + f(x) = a"—x + f(x), 569 f (x) < x o 33mo3 4-0b gomgamabbobgdom
30909mmdo f(x) = x.

7. ymggmox & Q g, f(x) =x. BoGroema(s, o X =% , baag m s n dogma pogdomo Mogbggdos, 35306

m:f(m):f(x+x+...+x)an(%):f(n)f(%jzf(m):m

56 nf(ﬂj =m= f(ﬂj =2 6.oa.
n n n

3MEBIBY 6. 30vgz00 1 > 3 560l Bogmo Mazbga. gobgobommao B Bama ©s dobdy gobmoggdama
n+ 1 gomo Bge@omo, GmBgmoag o8 bOBaML Gmmo LogMdob gomgdom 3ygmyl. gobzabommma yzg-
o 0bgoo 3o 30Mgds 03 By Gomagdolbs 0, 1,..., 1 Ga3bzqd0b badymomadoom, Hm3 ymgge 3o 3ocgdsdo,
M0mmMgeeo Mobzn godmnygbgds dbmmmme gmmbgm Mmaméz doMzgmn. mMn sbgon doMzoMgds nmg-
mgds 933035 gbG Mo, M9 gfon 3omgsbal 3nmygds dgadmgds gmegbasb bEgbafal dm@Moasmgdao.
356 306935b 9bmEgds dgbebadbsogn, oy ymggmo mobo a <b <c <d 3o 3gGobomgal, bosia+d=>b+c,
Jme s Ammol dmmmgdas a s d, 56 33900 JmEsb Hm3mab dmemmgdos b o c.

307g00 M o0l dgbsbodbaga oM 306gdgdal Momegbmds, s 3mdgem N ool nbgon @omaggdeman
(x, ¥) Byzomgdob Momegbmds, Gmd x s ¥ dogmn sgdoma Magbggdas, sdsbmeb x +y <n s ged (x, y)
=1.

05538 30(399 §memds M =N+ 1.

03MBLBY. k-JmFs gMbmomo JmEslb MmImob dmmmgdbdy 8rgdsty 8o igMmms xa8o sfab k.
(Bgm@onmo, Gm3gmag oM goMgdamos m Mobgoom BamImewmggblh gomseggetgdnm 2m-Jmeoasb.) g0-
BY300, O3 JmOsms badgmmo sMab Bodb 3G03909mo, o gMm-gMomo Jmenlb bbgsmsabbgs 8bamgl
3009d569mdL obamAgbo mea.

dogomoams, bobad 1-Dg dm(3g3ymo 4, B, C JoGosms badgmma Badb 360gq9d4mas, sbggg 4, B s D
Jmgdo(s 86 300390m0s, beaemm 4, D, C s B, D, C o655 $53b6 3603980 dmMogdob badgmmado.

6ob. 1 6ob. 2
308 Y300, O3 Joesms bodMmsegmyg oGl As36 30393 mmn, o4 58 LNdMOZMNEOL SMgdmmo b7dnb3-

0960 Lado JmEs s@al Rsdb 3nggdmma.

933, Igbobadbog 356 30693030, ymggma domgmo k-mgob, k- JmEoms bodmagmyg Badb 3aggdaymas.

©53830(3985. Myds o393 3oEmd 335360 domgdaG oz 0boydznal godmygbgdom. Bmss 1
< 4 35306 sgaemo Labobagos, Hm3 Bobowowmgds dommgdamos. gogzem sbems Bobswsmgds doMomgdy-
0 ymggmo dogmo Mobzobogob n-8g s 003888 30(3mc n-030b. ©3md3000 babssmBogamds, sbe
053913300, M3 5MLgdmAL dgbebadbogn dofmzafigds 0, 1,..., n Gozbzgdol Ladysmgdom s SGLYEMBL
dmegdo 4, B s C, 6m3mgda(z o6 56006 Bodb 3039599m0. 039y 1 o6 Bodmawagbl 4, B @s C dmGinl dm-
mmgdob oM 396L, 35306 Bozdommo ab BgMm@nma GmBemal 3ot 39Mbag 1 Bodmog 9bL. dmbadMngswm
dngomgdo n (3omn BgMmGomabgsb ©s 0, 1,..., n—1 o6 396gd0basb dgoagbar Jgbobadbeg 3o 3ncgdsls
360hs36 30390 mo Lsdo JmEom, Moz gbobssmdogagds 0bmedoob ©adgzgdsl. (34bgdfng domg-
3530 gameobbdmdor 353wgab: gma Bg@m@omal Bsdmom domgdama By amgdo BABoML mobods
3omgdoE 5ot 3ymazb, 8oaMs8 Bz96 dggzndmas Regahmbma gb bBg@mEomgdo msgabogg 356390 gdom
BegBomob asbbgmag obyg, HmB 8o dmEnlb dsbdamgda Gmemo gobogl, bmemm 356306 93580L 056303-
©0936mds (33 ©aMhgl. 398amddn d4bgdfngowm domgdama o6 306090l 4393 30a49mobbdgdm
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By T
e 12T
BEE 0 |,

LBmEgE 835b.) o9y 0 o6 BoMmBmaaqbl 4, B 0o C JmEiol dmmmmgdal o6 396, 35806 o Bogdmoom
08 BgmEGomb, Mm3mab o6 39Mboz 0 BomBmomagbl s yzgmes 3o 3gmb 3930830619000 gfmoom, dmbg-
60300 dogomgdo 1 (3oma BgMmGomabagsb ©s 0, 1,..., n—1 306 396930basb dgoagbom dgbabadbsg
3563060985 565A536 303930 Lada JmEom, Ms(3 gbnbssmdogands nbov 300l ed3qdsb. s3Gngsw®
0 o 7 560b 4, B 05 C JmGgdol dmemmgdob 856 396M93L dm@ab. smgzamo bahzgbgdgmos, Gma 0 oo n
60l gfmo JmEeal, goggeo C Jocoal dmnmmgdal o6 3g6gdo. (Joomes(s, orm gb sbg o6ss, 35dnb
a357d3L dmes dmemmgdoom 0 ©s a. sbgzg a3943L JmEs dmemmadom 1 @s b. gb 3o dgudmgdgemoas go-
bonobn>0+a=k=n+b>n.)

3mgg0m, D o60b 3063g9mo JmMws, Gmdgemaz dstomgmcns C dméonb @ Gmdgma(z 0ds3g dbatg-
bos Bm3gemdo(g o6l 4 s B (6sbobo 2) 301300,, 3ol dmmmgddg 8563960 %00 osGals m, 569, 300dz0m,

60l m-gmEs. (3bswns Igbadmadgmos Abmmmme Lodn dgdmbgggs m =n, sb m <n, 56 m > n. 3ohzgbmom,
3 Ladngg dgdmbzgzedo Jogomgdor Babssmdmgamdal 0boyd(z00lb ©sdg5dsbmab. gb 3o osbEmmgdl
3ol 3@ 3o390ob.

1. oy m = n, 85306 n-gmtogdo 4, B ©s D 56 0653006 Bo36 3610598mema. sbes, o bogdmoom C Jmr-
b s yggms 3o639Mb 39308306950 gfmam, dbgdfngsw dngomgdm n— 1 BgH@omoms ©s 0, 1,..., 12
3o 39Mgdnm dganboem dgbebndbsg 3o 3069dsb, MmBgma(y dga(3e3L 560hsb 303904 Lod JmMwab,
(3 9b0bssmdmyagds 06wy d(300b 33980,

2. oy m < n, 35306 m-JmEis HmIgmaz Jgeagbomoas 0 s m 3o3gMom o6 339mb D-b, s3Mogs©
Jmeos C sb30m39390L D JmFsbs ©s 08 Bg@mGomb Gm8mab o6 3g60s m. JmEs E, Gm3mol dmenmg-
b0l 8o 39Mgdos m s 1-8 o6 339mb C, s3G0gsw C ob3otm 39390L E 5 D-b. gb 603baglb, Hmd n-gmcogdo
A4, B ©s E, 56 04695056 B3 361039340, 04y bogdmoom C dmMoal s yzgmes 3963960 dg3s8 (30690, g-
@0m, 0bg3 89bgdMngzow dngnmgdom n—1 BgOGomoms ©8 0, 1,..., n-2 o6 396 9d00 dgaqboem dgbabodbeg
306 3069dsb, 5615836 303980 bado JmMEom. 33mog Babssmdmgamds. ©s dmmmmb

3. oy m > n, 85306 Jg3(335mmo Im(3g34ema Fgbobadbsego ot zamgds dgdmgabontaw: x o 3gcnb
Bo(33mo@ o3bgMma n—x, 0 <x <n. (3bswos, ™3 m-JmMos gosgs (2n—m)-JmMosdo, bmmmm domgdagma
sbagmo 8o 306938 046938 333 gbabndbogn. sbgmbsnaw gb dg8mbggge @enyzsbgds Babs, m <n 3gd-
obggzeodg, HmMIgmoaz Hmameis 36sbgm dgdmgdgmo aym.

@3> @38 3039600

053538 30(3Mm GmMeamds Jomgdo@nimma 0bmd300b asdmygbgdam. Mmzs n = 3, sz Labobs-
308, Om3 N =3 @o M =4 sbgg M =N + 1 §mmmds d9ddao@os. 3ogdgzom sbms Gmemmds dsGogdamas
n—1-bogolb ©s ©sg358@3azmm n-bmgab. gobzabormma dgbobadbsgn ot zafgds 0, 1,..., 1 Gazbzgdal be-
dmomgdoo s g39bmemo dsb S. 08 bg@mBomal Bsdemam, Hmdmab 39639600 1, dmbgdfngsem dngomgdm
dgbobodbog domzomgdslb 0, 1,..., n—1 Gobggdol Lodnsmagdom, 3nbmoma 3ob T, AHmIgmdoz ymageo
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n-gmes 0465ds Badb3mnggdgma. (3bowns, M3 88 n-gmEal dmeamgdal o6 30690830 8mbaboemgmdl
439 Bogbgo n—1-0b Bomgmom gofws 0-abs. go@yzom, Hm8 docmgdamao 3o 306gds 56l 3oGggmoa o-
3ab, o) 0 Immsgbgdgyemas m n-gmEisel ImGab s go@yzom, HmI ab oMol dgmeg Godal, Bobssmdwga
dgd;mbgqzedn. 30B396mm sbms, B3 0, 1,..., n—1 Gobggdol badmsmgdoom domgdeemn ymazgmo doMzqemo
G030l 3o 30Mgds, d9bgdMngsw Bomdmngdbgds dbmmmem gfMmo 3o 3065d0wsb, Mm3gmdn(y dmbsbocn-
gmdb 0, 1,..., n Gogbggda. beaenm 0, 1,..., n—1 Gozbzgdob bLodnsmadom domgdema ymggmo dgmeg &odab
3o 3061930, 89696603500 B5(3mM0g367d5 Bb® o M JoM3oMgdawsb, Hmdgeda( 3mbsbomgmalb 0, 1,...,
1 Gozbggdo.

oy T 6ol 30639mo §ndob, 85306 0 8mmagbgdamemos m@ n-JmEslb dmeob dpgdsmg geom-gom
M3omDdg. 30dz00m gb JmBgdos 4 s B. 3obzobommo n-gm@os GmBmob dmenmgdos 0 s 7. 35306 gb
Jmeis 4 ©5 B Jmesbmeb gfmem bomdmemaqblb bad (3om n-dmMoaslb, Hm8magdans @bws 0y36g6 Rsd-
6360390mmo S-3a. 8808m3 n-0m oM 3ogdaeo dmmm s9y30mgdmaE MbEs nEML M 1-JmEsl dm-
0l 8gdatyg 8gmtg M 35Dy, 5b4) 08 3o by HmMIgmbg s 0 o6 ©g3L. 9990 3o8mBwabamg 3L 33600,
M3 S 0magds T-©sb (3omboboe. godzom, sbmos T stal bgdabdogMo 3omggmo odalb doMzogds o
3ol godo@gdm go By @nmb 3o 39600 1, abg H™3 n-JmGgde Rsdb 3@nggdamas. 3ohzgbmo, HmAd o3
900 B9 Gomol ©eds@gdom, dmbgdfngsm smoands dgbobndbagn S oM zoMgds. Mmzs 0 <m < n, m-
Jmes §-30 sbgzg m-gmess T-bo, sbg Gm3 0bobo As86 30353 mmns, 5647 56 Mobon3ggmgdasb. 3odzom
sbemoe n < m < 2n. gobzobomma 3sGom g n-dmmesms bodmsegmg (MmImal dmemgdols dod 390 gdos
4390 M0(3b300, 1,..., 7 ©o 1 BHGg HMmBgma(z 93 JMmMecd BoMMMINmMns s MMy Jmmmsl 3oy
34mqb. o9 mMo m-gmcs 0sbonzggmgds 35306 (365005 Mebsn339mgds 88 JmMgdol Lodg@ Moo
Jmgdogs  bHgob 808sGm. dog®ed obobo 2n—m-JmMogdos s Mawasbs 0 < 2n—m < n 5308m3, Mm-
am@ 3 Bobs 3g8mbgggedn gbsbgm, gb dgdemgdgmas.

oy T 560b 8gmEg §odab, 35306 60l ma gobmogqgds BgMEGamabs o6 3960 1, 0-ab gfo bscigh
begbomal gobbgmog, 56 0-0b dgmmyg dbatigl sbggg BEgbacal asbbgmag. sbsmmmaan@om goh3969dm,
M8 Mgy asbmoggdsl dbgdfngsm 3ngysgato dgbebadbsg ot 306gdadwy 0, 1,..., 1 Gogbggdal Lo-
dqamgdaon.

30d300 M ool GomEgbmds dgbebadbogn dotznmgdgdobs 0, 1,..., n Gozbzgdol Lsdysmgdoom,
bomm L 360l Gommgbmds dgmg &odol dgbobadbsgo domzofmgdgdabs 0, 1,..., n—1 Gosbgzgdol Lody-

smgdoom. g39469ds

Mz = (szl - Lnfl) + ZLnf = Mnfl + Lnf

1 1°

0bed300b ©sd39d0L dogmom, M, =N _ + 1, bosiz N, | o0l Gomegbmds 03 @aomsggdymo (X, y)

0L Mommabmds nd

1

Bygomgdobs, bowsz x +y < n-1 o ged(x, y) = 1. sbeos oy 3ohg39690m, Gm3 L,

1

amaggdmmo (X, ¥) Bygomgdabs, boog x +y =n o ged(x, y) = 1, 3530b 30300900

M=M, +L,_

n—1

=N_+1+L =N-+1,

1 1

269 obs3G 303909 GMEMbab.

2360350, ©5b53® 3039090 @33R, ML | 560l Hommgbmds 0d ammaggdgmo (x,y) bygomagdobs,
bowa X +y=n s ged(x, y) = 1. dmeam Gmmmds go@s3bgMmm sby: ged(x, n—x) =1, gb 3o 3bswos 933035
96& 08 306mdab ged(x, n) = 1. s3M0g50, Hommgbmds 08 amag gdmmo (X, ) Byzomgdabs, bosx +y =
n s ged(x, y) =1, oo p(n) =#{x:1 <x <n, ged(x, n) = 1}, 564 goemgFab 53964 (300L 8603369mmdabs #-3a.
L = o(n) mmmdob bohzgbgdmaw 3obz0bomma dgmeg §o3ob dgbsbndbagn dom gofmgds, 86 agod3L had-
B 360390490 n-Jmegda ©s BgH@nma 39639600 bma 56 08ymygds 363 gho M n-JmEsl dmeb.
©5306ymo ImdFamds Lssmal abfals ImdFHomdal Jadstmyymgdam 03 BgMEomomsb GHmdmal o 3gMos
By s 396303wgzEimdam sdmgbgmma domzggdoa: 0, f(1), f(2)..., f(n—1). 3obsnwsb n-gmmogdo Rsd-
B 3603909m0s s ymggma 3o 3gHo 1-0sb n—1-3g Imbsbormgmdl 8o 306gdsda 530@ma 3394690s.

SO+ f(=)=nygmggmai=1,2,..., n—1-030b. of —i 5026036s3L i~ saomb 0-©s6, basmal abGab
3mdmomdal bobabssmdmgam dodsmormmagdoo.

3mdgom, f(a)=n—1. mgdab dosmoom, n—1-JmEogdao 86 303954 mns. (365©0s yzgmes o 3960 godma-
49690 3 JmGgdal dmmmgdol dom 30fgdsda, 5308m3 gb n—1-dmGgdo(y 3sMomagmnfos @ g3543b
Gmmmdes: f (i) + f(a—i) = n—1 ymggmo i=0, 1, 2,..., n—1.
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23Mngo@ 3mgdnmmdo f(a—i) = f(-i) — 1.
s@30mo baRzqbgdgmos, Hm3

f(=ak) =k ymggmo k=0,1,2,...,n-1. (*

od ak-b 4393 33mmabbdmdo ak-b dmemmoo n.

doonma(s, Mmas 1 = a, Mogsbss f(0) = 0 g3odsb f(—a) = 1. gogdgom sbms f(—ak) = k. sgocmmo
i=a(k+1). a39d690s fla—a(k+1))=f(—a(k+1))-1 o6y fl—ak)=f(—a(k+1))—1 ©s 3mgdnmmmdor ©sLS3G-
303909 §memdsb f(—a(k+1))=k+1.

sdMogo f(—ak) =k ymggmo k=0, 1, 2,..., n—1 s Gowasbsc {0, (1), f(2)...,f(n-1) } = {0, 1,2,...,n-1}
5308 ™3 > (30 gdmo 1bs 33Jmbegl ged(a, n) = 1. Go(3 60dbagl 0dsl, M3 L < ¢ (n). Hm3 3ohggbmo,
M3 gb PEMEmds 530939 GMEmMs (308 dg36036mom, MmAB (*) oM 3oMgds Bat8mawagbl dqbabndbsg
356 3060905b. Joonmo(z3 asbgabamm mmbo 363960 bEBaM D X, ¥, z s £, 0bgoo O3 x + 1=y +z. 35dab
53 356 396M930b Igbadadabo bg@mEamgdal sanmal 6mdMgda s33symegnmgdl Gmeomdsl —ax—at =—ay—az
53 6036s3L, HMB JmEMEgdo dmemmgdom X ©s ¢, 3oMamgrmMos JmMmEolb dmmmagdoom ¥ s z. 33M0as©
(*) Bomagdmmo amsoggds dgbebaodbsegns s 5980l mobobdsm 50l dgmeg &odab. g.0. dngomgom, Gmd

L _=p(n) Gobo 0598 30(3905(5 33060mo.

938™MEMS 9emgdEFHmMbaema Jobsdsmogdo:

g.nadibaidze@gmail.com
g.chelidze@mail.ru
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