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{ }1,2m∈ 223n m− > n
2m > { }2 223 1,2,3,4n m− ∉ m n
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           
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   

   
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12 4 [cos cos (2 / 3 ) cos (2 / 3 )] 18 .
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R R Rϕ π ϕ π ϕ

+ + = − + + + + +

= + + + + − =

         

amocana 4

amocana 5

amocana 4.

vTqvaT m da n naturaluri ricxvebia, amasTanave, 

23 0n m− > . aCveneT, rom 
223n m
m

− > .

amocana 5.

wrewirSi Caxazulia ABC wesieri samkuTxedi.  P 

wertili mdebareobs wrewirze. aCveneT, rom sidide 

PA4 + PB4 + PC4 araa damokidebuli P wertilis 

mdebareobaze.



100

( ), ( )n na b ( )nc

1 1 11, 2, 4a b c= = =

na

{ }1 1 1 1 1 1,..., , ,..., , ,...,n n na a b b c c− − −

nb

{ }1 1 1 1 1 1,..., , , ,..., , ,...,n n n na a a b b c c− − −

2n n nc b n a= + −

n

0 (1 3) 2nn b< + − <

( )22 2 2( ( ( 2) 2) 2) 2x⋅ ⋅ ⋅ − − − − ⋅⋅⋅−
2x

n

{ } { }: 1, 2,...., 1, 2,....,n nσ →

1
( ) | ( ) |

n

i
S i iσ σ

=

= −∑

1 2, ,..., na a a
  

1 2 nc a a a= ⋅⋅⋅
   

  

| | 2c ≤


1 2... nPP P 4n ≥

p
13 2 2

2 2
d n nn
p

+   − < < −      



101

m
o
s
w
a
v
l
e
T
a 
T
v
i
s

saerTaSoriso olimpiadebi 
saskolo maTematikaSi

2013 wlis saerTaSoriso olimpiada saskolo maTematikaSi Catarda kolumbiis qalaq san-
ta-martaSi ivlisis TveSi. asparezobaSi monawile gundebi 6-6 moswavlisagan Sedgeboda. 
saqarTvelos nakrebs warmoadgendnen: gela maRalTaZe (Tbilisis komarovis skola-pansio-
nis XII klaseli); akaki margvelaSvili (quTaisis fizika-maTematikis skolis XII klaseli); 
giorgi svanaZe (Tbilisis komarovis skola-pansionis XI klaseli);zaur meSveliani (Tbili-
sis komarovis skola-pansionis X klaseli);  Tornike manZulaSvili (Tbilisis ilia vekuas 
saxelobis fizika-maTematikis skolis XII klaseli) da amiran melia (Tbilisis komarovis 
skola-pansionis XI klaseli).  
saqarTvelos olimpiuri nakrebis formireba moxda oTxi SesarCevi turis Sedegebis  safuZ-
velze. SesarCev werebs administrirebas uwevda SoTa rusTavelis saxelobis erovnuli sa-
mecniero fondi. mkacrad reglamentirebul 4-turian   weriTi gamocdebSi monawileobis 
ufleba ki moipoves respublikuri saskolo maTematikuri olimpiadis daskvniTi turis 
Sedegebze dayrdnobiT gamovlenilma 18–ma saukeTeso  moswavlem. maT Soris iyo aTi meTer-
Tmete–meTormete klaseli, xuTi meaTe da sami mecxre klaseli. SesarCevi werebis safuZ-
velze dakompleqtda 6-moswavliani nakrebi.
erovnuli olimpiuri nakrebis dakompleqtebis Semdeg erTTviani sawvrTneli Sekreba 
Catarda komarovis skolaSi yoveldRiuri 6-saaTiani mecadineobebiT. bolo etapze ki 
erovnulma samecniero fondma uzrunvelyo nakrebis wevrebis erTkviriani wvrTnebi baku-
rianSi, sadac moswavleebs utardebodaT satreningo werebi saerTaSoriso olimpiadebis 
pirobebis gaTvaliswinebiT.
gundis liderisa da Tanalideris garda moswavleTa momzadebaSi aseve monawileobdnen ga-
mocdili yofili olimpielebi: giorgi arabiZe, nika maWavariani da leri bancuri.
saerTaSoriso olimpiadas xelmZRvanelobs Jiuri, romlis wevrebi arian qveynebis warmo-
madgenlebi. Jiuris Sekreba Catarda  kolumbiis q. barankiliaSi, sadac Jiuris sxdomebze 
ramdenime aTeuli amocanidan (short list) SeirCa 6 amocana, romlebic gadanawilda 3–3 amoca-
nad da miecaT moswavleebs or turad, zedized or dRes. sagangebod unda aRiniSnos, rom 
SerCevis kandidat amocanaTa Soris (short list) moxvda Tsu zust da sabunebismetyvelo mec-
nierebaTa fakultetis magistrantis giorgi arabiZis mier Sedgenili geometriuli amo-
cana.
xangrZlivi da damRleli mgzavrobis Semdeg nakrebi gundi kolumbiis qalaq santa–martaSi 
Cavida 21 ivliss. gamocdebi  Catarda 23 da 24 ivliss. Semdeg dReebSi ki Jiuris wevrebma 
koordinatorebTan erTad moaxdines nawerebis Sefaseba da qulebis Sejameba. Sedegad Cven-
ma eqvsive  moswavlem jildo daimsaxura: akaki margvelaSvilma da giorgi svanaZem daimsax-
ures brinjaos medlebi, xolo gela maRalTaZem, Tornike manZulaSvilma, zaur meSvelianma 
da amiran meliam daimsaxures sapatio sigelebi. vusurvoT Cvens norC olimpielebs Semd-
gomi warmatebebi.
qvemoT moviyvanT im amocanebs, romlebic miecaT moswavleebs werebze:

giorgi WeliZe

asistent profesori iv. 
javaxiSvilis saxelobis Tbilisis 

saxelmwifo universitetis zust da 
sabunebismetyvelo mecnierebaTa 

fakulteti

givi nadibaiZe

asistent-profesori iv. 
javaxiSvilis saxelobis Tbilisis 

saxelmwifo universitetis zust da 
sabunebismetyvelo mecnierebaTa 

fakulteti
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amocana 1. daamtkiceT, rom yoveli (k, n) wyvilisTvis, sadac k da n mTeli dadebiTi ricx-
vebia, arsebobs k cali (ara aucileblad gansxvavebuli) mTeli dadebiTi ricxvi m1, m2,…,mk 
iseTi, rom 

1 2

2 1 1 1 11 1 1 1
k

kn m m m
   −

+ = + + +   
    


.

amoxsna. winadadeba davamtkicoT maTematikuri induqciis meTodiT k-s mimarT. roca k 
= 1 maSin winadadeba trivialuria. davuSvaT winadadeba marTebulia k = j – 1-Tvis da davamt-
kicoT k = j-Tvis. ganvixiloT ori SemTxveva, roca n kentia da roca n luwia.
1. vTqvaT n = 2t – 1 raime mTeli dadebiTi t-Tvis.

maSin 
1 12 1 2 1 2( 2 1) 2 2 1 11 1 1 1

2 1 2 2 1 2 1

j j j jt t
n t t t t t

− − − − + − −  + = + = ⋅ = + +  − − −  
.

induqciis daSvebis Tanaxmad arsebobs iseTi mTeli dadebiTi m1, m2,…,mj−1, rom 

1

1 2 1

2 1 1 1 11 1 1 1
j

jt m m m

−

−

   −
+ = + + +         



da amrigad, Tu mj = 2t − 1, vRebulobT sasurvel warmodgenas k = j-Tvis.
2. vTqvaT n = 2t raime mTeli dadebiTi t-Tvis.
gvaqvs

12 1 2 1 2 2 1 2 2 2 1 2 11 1 1 1
2 2 2 2 2 2 2 2

j j j j j

j j

t t
n t t t t t

− − − + − + − − + = + = ⋅ = + +  + − + −  

da Tu mj–is rolSi aviRebT 2t + 2j − 2 da kvlav gamoviyenebT induqciis daSvebas miviRebT 
sasurvel warmodgenas. risi damtkicebac gvindoda.

amocana 2. vuwodoT kolumbiuri konfiguracia sibrtyeze mdebare 4027 wertils, Tu 
arc erTi sami wertili erT wrfeze ar mdebareobs da amasTan, 2013 cali wertili aris wi-
Teli feris, xolo danarCeni 2014 cali wertili aris lurji feris. ganvixiloT wrfeTa 
ojaxi, romelic sibrtyes ramodenime ared hyofs. mocemuli kolumbiuri konfiguraciisT-
vis wrfeTa am ojaxs vuwodoT kargi, Tu sruldeba Semdegi ori piroba:

 arcerTi wrfe ar gadis konfiguraciis arcerT wertilze;
 sibrtyis arcerTi are ar Seicavs orive feris wertils.

ipoveT umciresi k iseTi, rom 4027 wertilis nebismieri kolumbiuri konfiguraciisTvis 
moiZebneba k cali wrfisgan Sedgenili kargi ojaxi. 

amoxsna. pasuxi: k = 2013.
jer moviyvanoT magaliTi, romelic gviCvenebs, rom k aucileblad metia an tolia 2013-

ze. amisTvis davyoT wrewiri 4026 wertiliT 4026 tol rkalad, ise, rom TiToeuli rkalis 
boloebi iyos sxvadasxva feris wertilebi, xolo darCenili erTi cali lurji feris wer-
tili aviRoT sibrtyeze nebismier adgilas. Tu sibrtyeze gvaqvs k wrfisgan Seqmnili kargi 
ojaxi, maSin yovel rkals aucileblad unda kveTdes erTi wrfe mainc. da radganac yovel 
wrfes maqsimum ori saerTo wertili SeiZleba hqondes wrewirTan amitom unda gvqondes 2k 
≥ 4026, anu k ≥ 2013.

axla vaCvenoT, rom 4027 wertilis nebismieri kolumbiuri konfiguraciisTvis moiZebne-
ba 2013 wrfisgan Semdgari wrfeTa kargi ojaxi. amisTvis gamoviyenoT Semdegi trivialuri 

lema. yoveli ori A da B wertilisaTvis arsebobs ori paraleluri wrfe, romlebic gami-
jnaven am or wertils danarCeni wertilebisgan.

damtkiceba. gavavloT wrfe A da B wertilebze. amocanis pirobis Tanaxmad, danarCeni 
4025 wertilidan arcerTi wertili am wrfeze ar mdebareobs, anu manZilebi am wertilebi-
dan AB wrfemde dadebiTi ricxvebia. vTqvaT d aris umciresi am manZilTa Soris. cxadia, rom, 
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Tu ganvixilavT AB wrfis paralelur da misgan d/2-iT daSorebul or wrfes, maSin am wrfeTa 
Soris iqneba moqceuli mxolod A da B wertilebi. lema damtkicebulia.

axla ganvixiloT mocemul wertilTa amozneqili garsi P, anu umciresi amozneqili sim-
ravle, romelic mocemul 4027 wertils Seicavs. SesaZlebelia ori SemTxveva:

1. vTqvaT P-s aqvs wiTeli feris wvero A. maSin cxadia, rom erTi wrfis saSualebiT gavmi-
jnavT am A wveros danarCeni wertilebisgan. gamijnul wertilebSi axla ukve 2012 cali 
wiTeli feris wertilia. davawyviloT isini or-orad 1006 cal wyvilad da TiToeuli 
wyvilisTvis gamoviyenoT lema, anu TiToeuli wyvili ori wrfiT gavmijnoT danarCeni 4025 
wertilisgan. amrigad, sul gveqneba 1+2∙1006=2013 wrfe.

2. vTqvaT, axla P-s ara aqvs wiTeli feris wvero, anu misi yvela wvero lurjia. ganvixi-
loT P-s ori mezobeli lurji A da B wvero. cxadia, rom AB-s paraleluri wrfiT SeiZleba 
A-s da B-s gamijvna danarCeni wertilebisgan. gamijnul wertilebSi ukve 2012 cali lurji 
wertilia, romlebsac isev, rogorc wina SemTxvevaSi, gavmijnavT danarCeni 4025 wertilis-
gan 2012 wrfiT. anu am SemTxvevaSic 2013 wrfe sakmarisia. risi damtkicebac gvindoda.

amocana 3. vTqvaT ABC samkuTxedSi A wveros mopirdapire gareCaxazuli wrewiri exeba BC 
gverds A1 wertilSi. analogiurad ganvsazRvroT B1 wertili CA gverdze da C1 wertili AB 
gverdze, Sesabamisad B da C wveros mopirdapire gareCaxazuli wrewirebis saSualebiT. da-
vuSvaT, rom A1B1C1 samkuTxedze Semoxazuli wrewiris centri devs ABC samkuTxedze Semoxa-
zul wrewirze. daamtkiceT, rom ABC marTkuTxa samkuTxedia.

ABC samkuTxedSi, A wveros mopirdapire gareCaxazuli wrewiri ewodeba iseT wrewirs, 
romelic exeba BC gverds da aseve exeba AB da AC gverdebis gagrZelebebs. B da C wveros 
mopirdapire gareCaxazuli wrewirebi ganisazRvreba analogiurad.

amoxsna. vTqvaT A0, B0 da C0 Sesabamisad CAB, ABC da BCA rkalebis Suawertilebia.
lema. A0B1=A0C1. amasTan A, A0, B1 da C1 wertilebi cikluria, xolo A da A0 wertilebi mde-

bareoben B1C1 wrfis erT mxares. analogiuri debulebebi sruldeba B0 da C0 wertilebisT-
visac.
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damtkiceba. Tu A = A0, maSin ABC samkuTxedi tolferdaa da amitom cxadia, rom AB1 = AC1. 
lemis danarCeni debulebebi ki trivialuria. amitom vigulisxmoT, rom A ≠ A0. davamtki-
coT, rom ΔA0C1B = ΔA0B1C. A0-is gansazRvrebidan gamomdinare A0B = A0C. advili saCvenebelia, 
rom BC1 = CB1. marTlac, ganvixiloT C wveros mopirdapire gareCaxazuli wrewiri. radganac 
erTi wertilidan wrewirisadmi gavlebuli mxebebi tolia, gvaqvs toloba CB+BC1=CA+AC1. 
amrigad, 2(CB+BC1) = CB+BC1+CA+AC1 = CB+AB+CA = 2p da amitom BC1 = p−BC. analogiurad vRe-
bulobT, rom CB1 = p−BC, e.i. BC1 = CB1. aseve gvaqvs ∠C1BA0 = ∠ABA0 = ∠ACA0 = ∠B1CA0 da amrigad 
ΔA0C1B = ΔA0B1C, e.i. davamtkiceT toloba A0B1 = A0C1. SevniSnoT, rom ∠AC1A0 = ∠AB1A0, radganac 
isini tol ∠A0C1B da ∠A0B1C kuTxeebs avseben ∠180°-mde. amrigad, vaCveneT, rom AA0B1C1 marT-
lac cikluri oTxkuTxedia AA0 da B1C1 mopirdapire gverdebiT. lema damtkicebulia.

vinaidan ∠A1B1C1 samkuTxedze Semoxazuli Γ wrewiris Q centri devs ABC samkuTxedze 
Semoxazul wrewirze, amitom cxadia, rom A1, B1 da C1 wertilebi devs Γ-s naxevari rkalis 
SigniT, e.i. ∠A1B1C1 samkuTxedi blagvkuTxaa. zogadobis SeuzRudavad vigulisxmoT, rom B1 
kuTxe aris blagvi.

amrigad, Q da B0 devs A1C1 wrfis sxvadasxva mxares, aseve B da B1-ic devs A1C1 wrfis sx-
vadasxva mxares da e.i. B da Q devs A1C1 wrfis erT mxares. lemis gamo B da B0-ic A1C1 wrfis erT 
mxaresaa da amitom Q da B0 wertilebi arian A1C1 wrfis erT mxares. iseve lemis gamo B0C1 = B0A1 
da amrigad vRebulobT, rom B0 da Q wertilebi erTmaneTs emTxveva. igive lemis Tanaxmad 
QA0 da QC0 Sesabamisad B1C1 da A1B1 monakveTebis SuamarTobebia. amitom 

1 0 1 1 0 1 1 0 1 0 0 1 1 0 0 0 0 02 2 2 180C B A C B B B B A A B B B B C A B C ABC°∠ = ∠ + ∠ = ∠ + ∠ = ∠ = − ∠ .

meores mxriv, lemis meore nawilis Tanaxmad ∠C1B0 A1 = ∠C1BA1 = ∠ABC da vRebulobT, rom 
∠ABC = 180° − ∠ABC , e.i. ∠ABC = 90°. risi damtkicebac gvindoda.

amocana 4. mocemulia maxvilkuTxa samkuTxedi ABC, romlis orTocentria HH. vTqvaT W 
aris BC gverdis Siga wertili, xolo M da N Sesabamisad B da C wverodan daSvebuli simaR-
leebis fuZeebia. vTqvaT, ω1 aris BWN samkuTxedze Semoxazuli wrewiri, xolo X iseTi wer-
tilia ω1-ze, rom WX aris ω1-is diametri. analogiurad, vTqvaT ω2 aris CWM samkuTxedze 
Semoxazuli wrewiri da Y iseTi wertilia ω2-ze, rom WY aris ω2-is diametri.

daamtkiceT, rom X, Y da H erT wrfeze mdebareobs.
amoxsna. vTqvaT Z aris ω1 da ω2 wrewirebis gadakveTis wertili gansxvavebuli W-sgan. 

vaCvenoT, rom X, Y, Z da H erT wrfeze mdebareobs.
vinaidan ∠BNC = ∠BMC = 90°, amitom B, C, N da M wertilebi mdebareoben erT wrewirze, 

aRvniSnoT igi ω3-iT. SevniSnoT, rom WZ aris ω1 da ω2 wrewirebis radikaluri RerZi. analo-
giurad, BN aris ω1 da ω3-is, xolo CM – ω2 da ω3-is radikaluri RerZebi. amrigad A = BN ∩ 
CM aris ω1, ω2 da ω3 wrewirebis radikaluri centri, rac niSnavs imas, rom WZ wrfe gadis A 
wertilze.

radganac WX da WY warmoadgenen Sesabamisad ω1 da ω2 wrewirebis diametrebs, amitom 
∠WZX = ∠WZY = 90°, rac niSnavs imas, rom X da Y devs wrfeze romelic gadis Z wertilze da 
WZ-is marTobulia.
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vTqvaT L aris A wverodan daSvebuli simaRlis fuZe. cxadia, rom BNHL oTxkuTxedi BNMC 

cikluria, amitom gvaqvs AL∙AH = AB∙AN = AW∙AZ da e.i. toloba AZ AL
AH AW

= .

Tu, H wertili devs AW wrfeze, maSin igi aucileblad emTxveva Z wertils da amrigad vRe-

bulobT dasamtkicebel debulebas. Tu H ar devs AW-ze, maSin gvaqvs samkuTxedebi AHZ da 

ALW, romlebic msgavsi samkuTxedebia, radganac maT kuTxe ∠HAZ saerTo aqvT da amasTan 

sruldeba toloba 
AZ AL
AH AW

= . amrigad, ∠HZA = ∠WLA = 90° rac niSnavs imas, rom H wertili 

aseve devs XYZ wrfeze. risi damtkicebac gvindoda.

amocana 5. vTqvaT, 0>Q  aris yvela dadebiT racionalur ricxvTa simravle. vTqvaT 

0:f > →Q R  funqcia akmayofilebs Semdeg pirobebs:
(i) yoveli x, y ∉ 0>Q  sruldeba utoloba f (x)f (y) ≥ f (xy);
(ii) yoveli x, y ∉ 0>Q  sruldeba utoloba f (x + y) ≥ f (x) + f (y);
(iii) arsebobs racionaluri ricxvi a > 1 iseTi, rom f (a) = a.
daamtkiceT, rom f (x) = x yoveli x ∉ 0>Q .
amosxna. damtkiceba ganvaxorcieloT ramdenime etapad.
1. f (1) ≥ 1. 

marTlac,  f (1) f (a) ≥ f (a)⇒ f (1)a ≥ a ⇒ f (1) ≥ 1.
2. yoveli x ⇒ 0>Q , f (x) > 0 da yoveli mTeli dadebiTi m-Tvis f (m) ≥ m.

marTlac, Tu m mTeli dadebiTi ricxvia, maSin (ii)-is gamo

f (m) = f (1+1+...+1) ≥ mf (1) ⇒ f (m) ≥ m.

amitom, Tu 
mx
n

= , sadac m da n mTeli dadebiTi ricxvebia, 

f (m/n) f (n) ≥ f (m) ⇒ f (m/n) > 0.

3. Tu x > y maSin f (x) > f (y). 
marTlac, f (x) ≥ f (x−y) + f (y) > f (y).

4. Tu x ≥ 1, maSin f (x) ≥ x.
Tu x = 1 maSin 1-is gamo f (1) ≥ 1. vTqvaT axla x > 1 da davuSvaT winaaRmdegoba, anu davuSvaT 

f (x) < x. maSin arseboben mTeli dadebiTi ricxvebi n da m, rom f n(x) < m < xn. marTlac, 2-is gamo

xn – f n (x) = (x−f(x) )(x(n−1) + x(n−2) f(x) + ... + f (n−1) (x)) ≥ (x−f(x)) x(n−1)

da n aviRoT iseTi didi, rom (x−f(x)) x(n−1) > 1. es niSnavs, rom (f n(x), xn) intervalSi moxvdeba ra-
Rac mTeli ricxvi m, anu marTebulia utolobaTa jaWvi f n(x) < m < xn. es ki winaaRmdegobaa, 
radganac zrdadobidan da 2-dan gvaqvs f (xn) > f (m) ≥ m > f n(x) ≥ f (xn).

5. f (an) = an.
marTlac, (i)-is da 4-is gamo an = f n(a) ≥ f (an) ≥ an.
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6. Tu x ≥ 1, maSin f (x) = x.
marTlac, aviRoT mTeli dadebiTi ricxvi m iseTi didi, rom am−x > 1. maSin 4-is, 5-is da (ii)-is 
gamo gveqneba am = f (am) ≥ f (am−x) + f (x) ≥ am−x + f (x), anu f (x) ≤ x da kvlav 4-is gaTvaliswinebiT 
vRebulobT f (x) = x.

7. yoveli x ∉ 0>Q , f (x) = x. marTlac, Tu 
mx
n

= , sadac m da n mTeli dadebiTi ricxvebia, maSin

( ) ( ) ( ) ( )m mm f m f x x x nf f n f f m m
n n

   = = + +…+ ≥ = ≥ =   
   

anu 
m m mnf m f
n n n

   = ⇒ =   
   

. r.d.g.

amocana 6. vTqvaT n ≥ 3 aris mTeli ricxvi. ganvixiloT wrewiri da masze ganlagebuli 
n + 1 cali wertili, romelic am wrewirs toli sigrZis rkalebad hyofs. ganvixiloT yve-
la iseTi markireba am wertilebisa 0, 1,…, n ricxvebis saSualebiT, rom yovel markirebaSi, 
TiToeuli ricxvi gamoiyeneba mxolod erTxel rogorc markeri. ori aseTi markireba iTv-
leba ekvivalenturad, Tu erTi maTganis miReba SeiZleba meoresgan wrewiris motrialebiT. 
markirebas ewodeba SesaniSnavi, Tu yoveli oTxi a < b < c < d markerisTvis, sadac a + d = b + c, 
qorda romlis boloebia a da d, ar kveTs qordas romlis boloebia b da c.

vTqvaT M aris SesaniSnavi markirebebis raodenoba, da vTqvaT N aris iseTi dalagebuli 
(x, y) wyvilebis raodenoba, rom x da y mTeli dadebiTi ricxvebia, amasTan x + y ≤ n da gcd (x, y) 
= 1. 

daamtkiceT toloba M = N + 1.
amoxsna. k-qorda vuwodoT qordas romlis boloebze mdebare markerTa jami aris k. 

(wertili, romelic markirebulia m ricxviT warmoadgens gadagvarebul 2m-qordas.) vi-
tyviT, rom qordaTa sameuli aris Camwkrivebuli, Tu erT-erTi qordis sxvadasxva mxares 
mdebareobs danarCeni ori.

magaliTad, naxaz 1-ze mocemuli A, B, C qordaTa sameuli Camwkrivebulia, aseve A, B da D 
qordebic Camwkrivebulia, xolo A, D, C da B, D, C araa Camwkrivebuli qordebis sameulebi. 

vityviT, rom qordaTa simravle aris Camwkrivebuli, Tu am simravlidan aRebuli nebism-
ieri sami qorda aris Camwkrivebuli.

lema. SesaniSnav markirebaSi, yoveli mTeli k-Tvis, k-qordaTa simravle Camwkrivebulia.
damtkiceba. lema davamtkicoT mkacri maTematikuri induqciis gamoyenebiT. roca n 

≤ 4 maSin advili sanaxavia, rom winadadeba marTebulia. vTqvaT axla winadadeba marTebu-
lia yoveli mTeli ricxvisTvis n-mde da davamtkicoT n-Tvis. davuSvaT winaaRmdegoba, anu 
davuSvaT, rom arsebobs SesaniSnavi markireba 0, 1,…, n ricxvebis saSualebiT da arsebobs 
qordebi A, B da C, romlebic ar arian Camwkivebuli. Tu n ar warmoadgens A, B da C qordis bo-
loebis markers, maSin wavSaloT is wertili romlis markersac n warmoadgens. bunebrivad 
miviRebT n cali wertilisgan da 0, 1,…, n–1 markerebisgan Sedgenil SesaniSnav markirebas 
araCamwkrivebuli sami qordiT, rac ewinaaRmdegeba induqciis daSvebas. (bunebriv miRe-
baSi vgulisxmobT Semdegs: erTi wertilis waSliT miRebuli wertilebi wrewirs Tanabar 
rkalebad aRar hyofs, magram Cven SegviZlia CavaCoCoT es wertilebi Tavisive markerebiT 
wrewiris gaswvriv ise, rom maT Soris manZilebi toli gaxdes, xolo markirebebis Tanmim-
devroba ucvleli darCes. SemdgomSi bunebrivad miRebuli markirebis qveS vigulisxmebT 
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swored amas.) Tu 0 ar warmoadgens A, B da C qordis boloebis markers, maSin Tu wavSliT 
im wertils, romlis markersac 0 warmoadgens da yvela markers SevamcirebT erTiT, bune-
brivad miviRebT n cali wertilisgan da 0, 1,…, n–1 markerebisgan Sedgenil SesaniSnav 
markirebas araCamwkrivebuli sami qordiT, rac ewinaaRmdegeba induqciis daSvebas. amrigad 
0 da n aris A, B da C qordebis boloebis markerebs Soris. advili saCvenebelia, rom 0 da n 
aris erTi qordis, vTqvaT C qordis boloebis markerebi. (marTlac, Tu es ase araa, maSin 
gvaqvs qorda boloebiT 0 da a. aseve gvaqvs qorda boloebiT n da b. es ki SeuZlebelia vi-
naidan n > 0 + a = k = n + b > n.)

vTqvaT, D aris pirveli qorda, romelic paraleluria C qordis da romelic imave mxare-
saa romelSic aris A da B (naxazi 2) vTqvaT, mis boloebze markerTa jami aris m, anu, vTqvaT, 
D aris m-qorda. cxadia SesaZlebelia mxolod sami SemTxveva m = n, an m < n, an m > n. vaCvenoT, 
rom samive SemTxvevaSi miviRebT winaaRmdegobas induqciis daSvebasTan. es ki daasrulebs 
lemis damtkicebas.

1. Tu m = n, maSin n-qordebi A, B da D ar iqnebian Camwkrivebuli. axla, Tu wavSliT C qor-
das da yvela markers SevamcirebT erTiT, bunebrivad miviRebT n – 1 wertiliTa da 0, 1,…, n–2 
markerebiT Sedgenil SesaniSnav markirebas, romelic Seicavs araCamwkrivebul sam qordas, 
rac ewinaaRmdegeba induqciis daSvebas.

2. Tu m < n, maSin m-qorda romelic Sedgenilia 0 da m markeriT ar kveTs D-s, amrigad 
qorda C ancalkevebs D qordasa da im wertils romlis markeria m. qorda E, romlis boloe-
bis markerebia m da n-m ar kveTs C, amrigad C ancalkevebs E da D-s. es niSnavs, rom n-qordebi 
A, B da E, ar iqnebian Camwkrivebuli. Tu wavSliT C qordas da yvela markers SevamcirebT er-
TiT, isev bunebrivad miviRebT n – 1 wertiliTa da 0, 1,…, n–2 markerebiT Sedgenil SesaniSnav 
markirebas, araCamwkrivebuli sami qordiT. kvlav winaaRmdegoba. da bolos

3. Tu m > n, maSin SevcvaloT mocemuli SesaniSnavi markireba Semdegnairad: x markeris 
nacvlad davweroT n−x, 0 ≤ x ≤ n. cxadia, rom m-qorda gadava (2n−m)-qordaSi, xolo miRebuli 
axali markireba iqneba kvlav SesaniSnavi. aseTnairad es SemTxveva daiyvaneba wina, m < n Sem-
Txvevaze, romelic rogorc vnaxeT SeuZlebeli iyo.

lema damtkicebulia.

davamtkicoT toloba maTematikuri induqciis gamoyenebiT. roca n = 3, advili sanaxa-

via, rom N = 3 da M = 4 anu M = N + 1 toloba WeSmaritia. vTqvaT axla toloba marTebulia 

n−1-sTvis da davamtkicoT n-sTvis. ganvixiloT SesaniSnavi markireba 0, 1,…, n ricxvebis sa-

SualebiT da vuwodoT mas S. im wertilis waSliT, romlis markeria n, bunebrivad miviRebT 

SesaniSnav markirebas 0, 1,…, n–1 ricxvebis saSualebiT, vuwodoT mas T, romelSic yoveli 
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n-qorda iqneba Camwkrivebuli. cxadia, rom am n-qordis boloebis markirebaSi monawileobs 
yvela ricxvi n–1-is CaTvliT garda 0-isa. vityviT, rom miRebuli markireba aris pirveli ti-
pis, Tu 0 moTavsebulia or n-qordas Soris da vityviT, rom is aris meore tipis, winaaRmdeg 
SemTxvevaSi. vaCvenoT axla, rom 0, 1,…, n–1 ricxvebis saSualebiT miRebuli yoveli pirveli 
tipis markireba, bunebrivad warmoiqmneba mxolod erTi markirebidan, romelSic monawil-
eobs 0, 1,…, n ricxvebi. xolo 0, 1,…, n–1 ricxvebis saSualebiT miRebuli yoveli meore tipis 
markireba, bunebrivad warmoiqmneba zustad ori markirebidan, romelSic monawileobs 0, 1,…, 
n ricxvebi.

Tu T aris pirveli tipis, maSin 0 moTavsebulia or n-qordas Soris mdebare erT-erT 
rkalze. vTqvaT es qordebia A da B. ganvixiloT n-qorda romlis boloebia 0 da n. maSin es 
qorda A da B qordasTan erTad warmoadgens sam cal n-qordas, romlebic unda iyvnen Cam-
wkrivebuli S-Si. amitom n-iT markirebuli bolo aucileblad unda idos or n-qordas So-
ris mdebare meore rkalze, anu im rkalze romelzec 0 ar devs. aqedan gamomdinare vaskvniT, 
rom S aRdgeba T-dan calsaxad. vTqvaT, axla T aris nebismieri pirveli tipis markireba da 
mas vamatebT erT wertils markeriT n, ise rom n-qordebi Camwkrivebulia. vaCvenoT, rom am 
erTi wertilis damatebiT, bunebrivad aRdgeba SesaniSnavi S markireba. roca 0 < m < n, m-
qorda S-Si aseve m-qordaa T-si, ase rom isini Camwkrivebulia, anu ar TanaikveTebian. vTqvaT 
axla n < m < 2n. ganvixiloT paralelur n-qordaTa simravle (romlis boloebis markerebia 
yvela ricxvi 0, 1,…, n da t wrfe romelic am qordaTa marTobulia da TiToeul qordas Suaze 
hyofs. Tu ori m-qorda TanaikveTeba maSin cxadia TanaikveTeba am qordebis simetriuli 
qordebic t wrfis mimarT. magram isini 2n−m-qordebia da radganac 0 < 2n−m < n amitom, ro-
gorc wina SemTxvevaSi vnaxeT, es SeuZlebelia.

Tu T aris meore tipis, maSin aris ori ganlageba wertilisa markeriT n, 0-is erT mxares 
wrewiris gaswvriv, an 0-is meore mxares aseve wrewiris gaswvriv. analogiurad vaCvenebT, 
rom orive ganlagebas bunebrivad mivyavarT SesaniSnav markirebamde 0, 1,…, n ricxvebis sa-
SualebiT.

vTqvaT Mn aris raodenoba SesaniSnavi markirebebisa 0, 1,…, n ricxvebis saSualebiT, 
xolo Ln−1 aris raodenoba meore tipis SesaniSnavi markirebebisa 0, 1,…, n–1 ricxvebis saSu-
alebiT. gveqneba

Mn = (Mn−1 − Ln−1) + 2Ln−1 = Mn−1 + Ln−1.

induqciis daSvebis ZaliT, Mn−1 = Nn−1 + 1, sadac Nn−1 aris raodenoba im dalagebuli (x, y)
wyvilebisa, sadac x + y ≤ n–1 da gcd(x, y) = 1. axla Tu vaCvenebT, rom Ln−1 aris raodenoba im 
dalagebuli (x, y) wyvilebisa, sadac x + y = n da gcd(x, y) = 1, maSin miviRebT

Mn = Mn−1 + Ln−1 = Nn−1 + 1 + Ln−1 = Nn + 1,

anu dasamtkicebel tolobas.
amrigad, dasamtkicebeli dagvrCa, rom Ln−1 aris raodenoba im dalagebuli (x, y) wyvilebisa, 

sadac x + y = n da gcd(x, y) = 1. bolo toloba gadavweroT ase: gcd(x, n−x) = 1, es ki cxadia ekvival-
enturia pirobis gcd(x, n) = 1. amrigad, raodenoba im dalagebuli (x, y) wyvilebisa, sadac x + y = 
n da gcd(x, y) = 1, tolia φ(n) = #{x:1 ≤ x ≤ n, gcd(x, n) = 1}, anu eileris funqciis mniSvnelobisa n-Si. 
Ln−1 = φ(n) tolobis saCveneblad ganvixiloT meore tipis SesaniSnavi markireba, anu gvaqvs Cam-
wkrivebuli n-qordebi da wertili markeriT nuli ar imyofeba arc erT or n-qordas Soris. 
daviwyoT moZraoba saaTis isris moZraobis mimarTulebiT im wertilidan romlis markeria 
nuli da TanmimdevrobiT amovweroT markerebi: 0, f (1), f (2)…, f (n–1). vinaidan n-qordebi Cam-
wkrivebulia da yoveli markeri 1-dan n–1-mde monawileobs markirebaSi amitom gveqneba.

f (i) + f (−i) = n yoveli i = 1, 2,…, n−1-Tvis. aq −i aRniSnavs i-ur adgils 0-dan, saaTis isris 
moZraobis sawinaaRmdego mimarTulebiT.

vTqvaT,  f (a) = n−1. lemis ZaliT, n–1-qordebi Camwkrivebulia. cxadia yvela markeri gamoi-
yeneba am qordebis boloebis markirebaSi, amitom es n–1-qordebic paraleluria da gvaqvs 
toloba: f (i) + f (a−i) = n–1 yoveli i = 0, 1, 2,…, n−1. 
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amrigad vRebulobT f (a−i) = f (−i) − 1.
advili saCvenebelia, rom
					   
				    f (−ak) = k yoveli k = 0, 1, 2,…, n−1.	  (*)

aq ak-s qveS vgulisxmobT ak-s moduliT n. 
marTlac, roca i = a, radganac f (0) = 0 gvaqvs f (−a) = 1. vTqvaT axla f (−ak) = k. aviRoT 

i=a(k+1). gveqneba f(a−a(k+1))=f(−a(k+1))−1 anu  f(−ak)=f(−a(k+1))−1 da vRebulobT dasamt-
kicebel tolobas f(−a(k+1))=k+1.

amrigad f (−ak) = k yoveli k = 0, 1, 2,…, n−1 da radganac {0, f (1), f (2)…, f (n–1) } = {0, 1, 2,…, n−1} 
amitom aucileblad unda gvqondes gcd(a, n) = 1. rac niSnavs imas, rom Ln−1 ≤ φ (n). rom vaCvenoT, 
rom es utoloba agreTve tolobacaa SevniSnoT, rom (*) markireba warmoadgens SesaniSnav 
markirebas. marTlac ganvixilo oTxi markeri wrewirze x, y, z da t, iseTi rom x + t = y + z. maSin 
am markerebis Sesabamisi wertilebis adgilis nomrebi akmayofilebs tolobas −ax−at = −ay−az 
rac niSnavs, rom qordebi boloebiT x da t, paraleluria qordis boloebiT y da z. amrigad 
(*) miRebuli dalageba SesaniSnavia da agebis Tanaxmad aris meore tipis. e.i. miviReT, rom 
Ln−1=φ(n) risi damtkicebac gvindoda.

avtorTa eleqtronuli misamarTebi:
g.nadibaidze@gmail.com

g.chelidze@mail.ru
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