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Abstract

The issue of convergence of Fourier trigonometric series plays a very significant role in
the study of many problems in the theory of functions. Interest in them increased especially
after it was discovered that the Fourier series of a summable function can diverge everywhere.
Since the 1940s, intensive research has been carried out on the asymptotic estimation of the
deviation between the corresponding function and the partial sums of the Fourier series in

different spaces.

The first result concerning the evaluation of the deviation of the partial sums of the
Fourier trigonometric series from an integrable function was obtained by Lebesgue in 1909.
Lebesgue's result encompasses to a large extent the estimates obtained earlier and remains
significant even today. It is both linearly accurate and convenient to use. There exist many
generalizations of the Lebesgue estimate. In 1935, Kolmogorov discovered an exact asymptotic
estimate when the function under consideration is bounded and has derivatives up to a certain
order. The next significant advancement in this direction was made by Nikolsky, who
generalized Kolmogorov's results and obtained estimates for the Fejer sums instead of the
Fourier sums. The studies by Kolmogorov and Nikolsky laid the foundation for a new branch
in the theory of function approximation and the summability of Fourier trigonometric series,
known as the Kolmogorov-Nikolsky problem. This problem involves finding an asymptotic
equality between a function and its Fourier trigonometric series when the function satisfies

certain properties.

In the late 1960s, a method was developed by Stepanec and Dziadik, based on
Kornichuk-Stechkin's lemma, through which not only the arrangement of the zeros of the
kernel (obtained by considering different summations) could be found, but also asymptotic
equality. Consequently, the use of Kornichuk-Stechkin's lemma was expanded, leading to the
development of a procedure that provided a new approach to solving the Kolmogorov-
Nikolsky problem. In certain function spaces, it was previously impossible to solve this

problem using known methodologies.



In the early 1970s, Taberski explored locally integrable functions that satisfy specific
properties. He defined generalized Fourier coefficients, generalized Fourier trigonometric
series, and conjugate trigonometric series for such functions. Additionally, Taberski addressed
problems related to the summation of Fejer averages of their partial sums. He also derived an
analogue of the Riemann-Lebesgue theorem, a Dean-Young type criterion, and other related

results.

The concept of generalized Cesaro averages for numerical series was initially
introduced by Kaplan in 1960. Akhobadze and Zviadadze conducted a comparison of
generalized Cesaro averages using «,and established necessary and sufficient conditions for
the inclusion of (C,a,)<(C,@), along with a sufficient condition for (C,a)=(C,a,).

Subsequently, Akhobadze and Tetunashvili investigated generalized Cesaro averages for

trigonometric Fourier series, yielding several results.

In this doctoral dissertation, asymptotic equations for class functions H_ in generalized

Dirichlet integrals are derived. It is worth noting that Stepanets’ results are obtained as a
special case of the results presented here. Additionally, the Lebesgue criterion for the

convergence of Fourier series for generalized Cesaro means is established.
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